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Abstract 



In this paper we construct optimal, in certain sense, estimates of values of linear functionals on 
solutions to two-point boundary value problems (EVPs) for systems of linear first-order ordinary 
differential equations from observations which are linear transformations of the same solutions 
perturbed by additive random noises. It is assumed here that right-hand sides of equations and 
boundary data as well as statistical characteristics of random noises in observations are not known 
and belong to certain given sets in corresponding functional spaces. This leads to the necessity 
of introducing minimax statement of an estimation problem when optimal estimates are defined 
as linear, with respect to observations, estimates for which the maximum of mean square error of 
estimation taken over the above-mentioned sets attains minimal value. Such estimates are called 
minimax estimates. 

We establish that the minimax estimates are expressed via solutions of some systems of differ- 
ential equations of special type. 

Similar estimation problems for solutions of EVPs for linear differential equations of order n 
with general boundary conditions are considered. 

We also elaborate minimax estimation methods under incomplete data of unknown right-hand 
sides of equations and boundary data and obtain representations for the corresponding minimax 
estimates. 

In all the cases estimation errors are determined. 



Introduction 

Minimax estimation is studied in a big number of works; one may refer e.g. to [9]-[l2] and the 
bibliography therein. 

Let us formulate a general approach to the problem. If a state of a system is described by a linear 
ordinary differential equation 

= Ax{t) + Bvi{t), x{to) = xo, 

and a function y{t) is observed in a time interval [to, T], where y{t) = Hx(t) + V2(t), x(t) G M", V2 G M™, 
y G M"^, and A, B, H are known matrices, the minimax estimation problem consists in the most accurate 
determination of a function x{t) at the "worst" realization of unknown quantities (xq, ^2(-)) taken 
from a certain set. N.N. Krasovskii was the first who stated this problem in [10]. Under different 
constraints imposed on function V2{t) and for known function fi(t) he proposed various methods of 
estimating inner products (a,x(T)) in the class of operations linear with respect to observations that 
minimize the maximal error. Later these estimates were called minimax a priori estimates (see |10) . 

Fundamental results concerning estimation under uncertainties were obtained by A. B. Kurzhanskii 

(see [m, m)- 

The duality principle elaborated in [10], [l2], and [9] proved its efficiency for the determination of 
minimax estimates [9]. According to this principle, finding minimax a priori estimates can be reduced 
to a certain problem of optimal control of a system; this approach enabled one to obtain, under certain 
restrictions, recurrent equations, namely, the minimax Kalman-Bucy filter (see [9]). 

In this work we consider the problems of minimax estimation of solutions to two-point boundary 
value problems (EVPs) for systems of linear first-order ordinary differential equations. We find general 
form of the minimax estimates of solutions from observations on an interval and determine estimation 
errors. 

In the second part of the work (section 6 and 7) we formulate and solve the problems of estimation 
under incomplete data of the values of linear functionals from solutions and right-hand sides of linear 



differential equations of order n with general boundary conditions. Additional difficulties that arise in 
the course of the analysis of these estimation problems are connected with (i) the necessity of imposing 
certain solvability conditions on the data (right-hand sides of the equations and boundary conditions) 
and (ii) that their solutions are determined up to solutions of the corresponding homogeneous problems. 



1 Preliminaries and auxiliary results 

Assume that it is given a vector-function f{t) = f2(t) . . . fn(t))'^ with the components belonging 

to space L2(0, T) and vectors /o = (/f \ /f , . . . , f^Y e and /i = {fi'\f^'\ . . . , fi\f E R^— . 
Consider the following BVP: find a vector-function ip{t) = {(pi(t) , ip2(t) . . . , (pn{t))^ G H^{0,T)"' that 
satisfies a system of linear first-order ordinary differential equations 

^ + A^{t) = fit), tG(o,r), (1.1) 

almost everywhere on an interval (0, T) and the boundary conditions 

i?o<^(0) = /o, BMT) = fi (1.2) 

at the points and T. Here A = A{t) is an n x n matrix with the entries fljj = ajj(t) continuous on 
[0, = (^, ^ . . . , '-^r, Bo = {bi'J}, r = M^, . = and B, = r = T;^^, 

s = l,n, are mxn and {n — m)xn matrices of rank m and n — m, respectively, T denotes transposition, 
and H^{a,b) is a space of functions absolutely continuous on [a,b] for which the derivative that exists 
almost everywhere on (a, 6) belongs to space L'^{a,b). 

The problem of finding a function (p{t) that satisfies on (0, T) the equation 

^ + ^^W=0. (1.3) 

and the boundary conditions 

5o<^(0) = 0, BMT) = (1.4) 

will be called the homogeneous BVP corresponding to BVP (11.11) . (11.21) . 

The solution ip{t) = to homogeneous BVP p. 31) . ( 11.41) is called the trivial solution. 
BVP p. II) . p. 21) can be written in a scalar form: 



V'lit) + aiiV9i(t) + ai2Lp2{t) H h ai„Lpn{t) = fi{t), 

ip2{t) + a2lipi(t) + a22'~P2{t) H h a2n^n{t) = fl(t), 

' ' ' 5 

(p'^{t) + a„iV?l(t) + an2^2{t) H h ann^n{t) = /n(^), 

n 

U..{f):=Y.bf^\,{0) = fT\ ^ = M^, 

9=1 

n 

Um+iii^) := bf^^q{T) = ff\ i = l,n-m. 

9=1 



(1.5) 



(1.6) 



Let 

^^Ht) = iv?it),^^^\t)...,^^\t)r, z = M, (1.7) 

be a fundamental system of solutions to p.3p (for the definition, see e.g. [8j p. 179). Then the solutions 
to ([L3D, ([LID have the form 



where, by virtue of f ll.4p . constants Ci, C2, . . . , c„ must be such that 



cit/i(<^(i)) + C2?7i(v9(2)) + ■ ■ ■ + c„f/i(<^(«)) = 0, 

Clt/2(V5(1)) + C2f/2(^(')) + ■ ■ ■ + C„f/2(</^(")) = 0, 

ci?7„(<^(i)) + C2t/„(v9(2)) + ■ ■ ■ + c„f/„(<^(")) = 0.' 



Thus, if the matrix 



f/2(^«) t/2(v^(2)) 



f/2(<^W) 



(1.9) 



has rank n, the homogeneous BVP has only the trivial solution. The inverse statement is also valid: 
if the homogeneous BVP has only the trivial solution then the rank of matrix p. 91) equals n. Indeed, 
following the reasoning that can be found e.g. in [4], assume that the rank of this matrix is r < n; then 
system p.Sp would have n — r linearly independent solutions c*^*^ — '^'''''^ J^hT 
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[7], p. 85). Let us show that if this assumption holds then the functions 



= 1, 77, — r, 

satisfying conditions Hl.SL p.4p will be linearly independent; that is, the equality 



1, n — r (see e.g. 



(1.10) 



^ai(^«(x) = 



i=l 



is fulfilled only at = 0, z = 1, — r. Substituting (11.101) into (II. lip , we have 



(1.11) 



i=l 



k=l 



k=l i=l 



5;^/3,y.W(x) = 0, 



k=l 



where (3k = ^i=i caCk^ ■ However, vector-functions (p'^^^x), k = l,n, are linearly independent; therefore, 
(3k = 0, k = l,n, or ^^Ii caCk^ = 0, k = l,n. Then all ctj = 0, i = l,n — r, because vectors 
c^*) = {ci \ . . . ,Cn^)'^ , i = l,n — r, are linearly independent. Next, linear independence of functions 
(ll.lOp satisfying (11.30 . (11.40 . contradicts the assumption that BVP (II. 3p . (II. 4p has only the trivial 
solution which means that the rank of matrix ( 11. 9p is n. 

Assume in what follows that homogeneous BVP ( 11.30 . 01.41) corresponding to BVP p. 10 . p. 21) 
has only the trivial solution. Show that under this assumption, initial BVP 01.11) . p. 21) is uniquely 



,(0) .(0) 

I2 ) 



(/r,/2^ 



(0)^T 



Jm ) 



and 



solvable at any right-hand sides f{t) = (/i(t), /2(t) . . . /n(t)) , /o 

Indeed, let p.7p be a fundamental system of solutions to homogeneous system p.3p and f^^\t) = 
{ipf'\t), y^f\t) . . . , (pn\t))'^ a particular solution to p.ip . Then the general solution to system ( 11.10 or 
to equivalent system (11.50 has the form 

^{t) = CiV^'\t) + C2^(2)(t) + ■ ■ ■ + C„^(")(t) + ^(°)(t), 

where Cj = const. This solution satisfies conditions p. 20 or equivalent conditions p.6p if coefficients 



Cj, i = l,n, satisfy the system of linear algebraic equations 



Ci^7i((^«)+C2f/l(^(2)) + 


■■■ + c„f/i(^(")) 

. . . -L r /'/n('(/l(")'l 


= If- 

_ f(0) 
— J2 




Clt/„(<^«)+C2t/„(<^(2))^. 

Clf/^+l(V5(')) + C2f/„+l(v?(')) + ■ ■ ■ 
Ciam+2{V^^^) + C2Um+2{^^^^) + " " " 


+ c„f/™+i(v5(")) 

+ C„f/„+2M")) 


_ /(o) 

— Jm 

= /!"- 


5 


Clf/n(</^«)+C2?7„((^(2))^ 




- 





(1.12) 



The rank of matrix p. 91) of this system is n because homogeneous BVP p.3p . p.4p has only the trivial 
solution. Therefore, system (11.121) and, consequently, BVP (II. ip . (II. 2p . have the unique solution. We 
have proved the following 

Theorem 1.1. Inhomogeneous BVP ( fj.ilj . ( fi.^) «5 uniquely solvable if and only if the corresponding 
homogeneous BVP ll.Si) . (T^ has only the trivial solution. 

Formulate the notion of a BVP conjugate to p.ip . 01.21) . To this end, introduce the following 
designations: is the kx k unit matrix; Ok^r is the kxr null matrix; Bqi = {bf^^}, r = 1, m, = 1, m, 
is a square nondegenerate mxm submatrix of the matrix Bq = {bi^J}, r = l,m, s = l,n; Bq2 = {^rj;}; 
r = l,m, I = l,n — m, is an m x {n — m) submatrix of Bq obtained as a result of deleting in Bq all 
columns of matrix Bqi (so that {ji, . . . , j„-m} = {1, . . . ,n} \ {ii, . . . ,2^}); -Bo = (--B^2(^ol)"^ -^n-m) 
is an (n — m) X n matrix such that its ifcth column equals fcth column of matrix — _B(^(i?(Jj)~^ (its size 
is (n — m) X m), /c = l,m, and j^th column equals /th column of matrix En-m, I = l,n — m; Bq = 
{{Bq^)~^, Om,n-m) is au m X n matrix such that its 4th column equals A;— th column of matrix {Bq^)~^, 
k = 1, m, and j^th column equals /th column of matrix Om,n~m, I = l,n — m; Bq = {On~rn,mi En-m) is 
an (n — m) x n matrix such that its i^th column equals kih column of matrix On-m,mi k = l,m, and 
j/th column equals /th column of matrix En-m, / = l,n — m. 

Introduce more similar notations: Bn = {b^^J}, r = 1, n — m, /c = 1, n — m, is a square nondegen- 

k 

erate {n — m) x [n — m) submatrix of the matrix Bi = {bi^J}, r = l,n — m, s = l,n] B12 = {b^3}, 
r = 1, n — m, I = 1, m, is a (n — m) xm submatrix of the matrix Bi obtained as a result of deleting in Bi 
all columns of matrix Bn (so that . . . = {1, . . . ,n} \ . . • ,i^_^}); Bi = {-Bf^iBf^)-^, Em) 
is an m X matrix such that its i'^th column equals kth column of matrix — i?^(i?J^)~^ (the size 
of the latter is m x (n — m)), k = l,n — m, and j^'th column equals /th column of matrix E^, 
I = l,m] Bi = {{Bfj^)~^,On-m,m) IS au {n — m) X n matrix such that its i'^th column equals kth 
column of matrix {Bii)~^, k = 1, n — m, and j^th column equals /th column of matrix On-m,m, / = 1, m; 
Bi = {Om,n-m, Em) is au m X n matrix such that its i'^th column equals kth column of matrix Om,n-m, 
k = l,n — m, and j^'th column equals /th column of matrix E^, I = l,m. 
By 

N 

{u,v)n = ^UiVi 
i=l 

we will denote the inner product of vectors u = {ui, . . . , u^)'^ and v = (t>i, . . . , f at)^ in the Euclidean 
space M^. Set 

"^-Jt^^^ 

then 



Calculate the inner product of both sides of the latter equality and the vector- function iplt) 
{ipi(t), . . . ,ipn{t)Y cind integrate the result from to T to obtain 



{L^{t),i){t))ndt 



(^^ + A^it),m] dt 



\ dt 
dt 



i=l 



,m] dt+ / {Aip{t),^lj{t))^dt 

/ n JO 

aijipj{t)ilJi{t)dt 

Jo .-I .-I 



i=i j=i 

X n In 



i=l "^0 i=l -^0 j=l \i=l ) 

(^^^^^t)\ dt+f Y^(j2''^,ij,{t)^,{t)]dt 



:(^(T),7A(T))„-(¥.(0),^/.(0))„- 



(^(T),^(T))„-(^(0),^(0))„ + 



T 



= (^(T),^(T))„-(^(0),^(0))„+ / (^(t),LXt)X 
where the differential operator 



d 
di 



will be called formally conjugate to operator L. 

Let us show that the integrands in (I1.13P can be represented as 

{tP{T), <^(T))„ - (^(0), ^(0))„ = {B^^{T), BMT))n-m + (B^T), BMT))r 

- (EoV'(0),5o<^(0))„ - (5o^(0),5o<^(0))„_„. 



Note first that 



/E;=i<V.(o)\ 



Bo^iO) 



ve:=i&sv.(o)/ 



/ ELi&S^..(o) + Er=T&S^.,(o) \ 
VELi^l^ao) + Er=TC-.^.,(o)/ 



5oi¥^f^(0) + 5o2^r(0) 



(0), 



where 



Then ^f)(0) = fioi'5oV^(0) - fioi'5o2V'f (0), and 

(^(0), ^(0))„ = (^f (0), )(0))^ + (4°)(0), (0))„_^^ 

= (^r(0),5oYi?o^(0))„. - {ijf'\0),B,^B02V?\0))m + (V^f (0),^(°)(0))„_„ 
= (5oV^(0),5o¥^(0))„ - (5o^2(i?o';)"Vr(0),¥^f (0))„-™ + (^f (0),^f (0))„_ 



(1- 



(1- 



= (So^(O), So</^(0))^ + ((-So^2K)"', 0)^(0), ^f(0))„_„ 
+ ((0,E„_„)^(0),^f (0))„_^, 

where ^i°^(0) and iIj^\o) are vectors composed of components of vector V^(0) with the numbers equal 
to the numbers of components of vectors and ^f\o), respectively. Taking into account that 



we have 
Thus 



(^(0),<^(0))„ = (5o^(0),5o^(0))„ + (SoV'(0),5o<^(0)), 



(V-IT), <^(T))„ = (5i^(T), BMT))n-m + (5i^(T), BMT))m. 
These two equalities yield representation ( 11.14^ : using the latter and ( ll.lSp . we obtain 



-{Boij{0),Bo^mm-{Boij{0),Bo^{0))n-m+ / {vit),L*ij{t))n- (1-15) 

In order to write the sum of the first four terms on the right-hand side of ( 11.15^ in a scalar form, 
introduce the following notations: 



( U2n~m+l{<f) \ 



■■= Bo^iO) 



BMT) 



5o^(0) 



\ Vm+lilp) J 



■■= BMT) 



■■= 5o^(0) 



:= 5iV^(T) 



9=1 ^1? 



\EUb^nL,MT) J 



I EUbfjMo) \ 



\ EUbl:UM^) I 



The equality (ll.lSp can be written as 

" (L<^(t),^(t)Mt- / (<^(t),L*^(t)) 



(1.16) 



(1.17) 



(1.18) 



(1.19) 



(1.20) 



(1.21) 



= -Ui{ip)V2nW - U2{ip)V2n^l{lp) f^m (V^) ^2n-m+l (^) 

+ Um+li(p)V2n-m{i') + Um+2{f)y2n-m-l{i') H h f/„ (v?) K+1 (V') 

-Un+li^Wnilp) - Un+2iv)Vn^li'ip) t^2n.-m (V^) (V^) 

+ U2n-m+liv)ymi^) + f^2n-m+2 (V^) Kn-1 (^) H h f/2n (V^) ^1 (^) • 

Now we can introduce the notion of the conjugate BVP. 
Corollary 1.1. The homogeneous BVP 

L*m = o, te{o,T), 

BotPiO) = 0, Ei^(T) = 0, 
is called conjugate to homogeneous BVP lll.3\} . (T^. 
Corollary 1.2. The inhomogeneous BVP 

L*m = fit), te(o,r), 

Bom = k B,i,{T) = A, 
is called conjugate to inhomogeneous BVP ( fJ.Jjj . / f j.^jj . 



(1.22) 



(1.23) 
(1.24) 



(1.25) 
(1.26) 



Using designations and ([TTBD - lfCTD . we can write BVP (fOall . ffTMD conjugate to BVP (fOll . 
( II. 4p in the scalar form: 



-V'l(t) + aiii)i{t) + a2iip2{t) H h aniV^n(t) 

-?/'2(t) + ai2V^i(t) + a22ip2{t) H h an2^ri{t) 

-i)'n{t) + ain^i(t) + a2ni^2{t) H h anni^nit) 



0, 
0, 



T/.(^):=0, ^ = l,n. 



(1.27) 



(1.28) 



Let z^^\t), z^'^'>(t), . . . , z^"-\t) is a fundamental system of solutions to the homogeneous system L*'ip{t) 



0. Show that the rank of matrix 



/ Vi(z«) V1(Z(2)) 

V2izW) V2iz('^] 

Vv;(^«) K(^('); 



Viiz^""^) \ 

V^2(^("^) 



(1.29) 



equals n. Assume that it is wrong and the rank of matrix p.29p is r < n. Every solution of the equation 
L*ip{t) = and, in particular, of homogeneous BVP (ll.27p . (11.281) has the form 



m = Ciz'^'\t) + ■ ■ ■ + CnZ^'^Kt) 



in). 



where Ck = const, k = l,n. Substituting the latter into p.28p . we obtain a homogeneous linear equation 
system 

^i(V') =CiVl(zW) + --- + c„Fi(^(")) = 0, 

(1.30) 

VnW=CiVn{z^'^) + --- + CnVn{z^''^) = 



with respect to constants c^, k = l,n. Since the rank of the system matrix equals r and r < n, system 
( ll.30p has n—r linearly independent solutions c^*-* = {ci\ 



1, n — r; therefore, the functions 



^ii){t)=c';'z^'\t) + --- + CnZ^''>{t) 



in). 



which solve conjugate homogeneous BVP p.27p . f ll.28p will be linearly independent (in line with the 
reasoning on p. [5]). 

If now ip{t) is a solution to homogeneous BVP Sr27h . dOHl), then, if we set ^(t) = <^^'\t), where 
ip^''\t), 2 = l,n is the fundamental system of solutions to the homogeneous equation LLp(t) = 0, the 
integrals in p.22l) vanish. Also, Vi{ip) = V2(^) = . . . = Ki(V^) = 0, and therefore, p.22l) takes the form 

U,{^(^)){-V2nm + - ■ ■ + UU^('^){-V2n-m+im+Urn+l{^^'^)V2n-mW + - " " + f/„ ) K+i (V^) = 0, 
U,{^(-)){-V2nm + - ■ ■ + t/™(<^("))(-V^2n-m+l W) + t/m+l(v^("))^2n-™(V') + - " " + t/n (<^("^ ) K+1 (^) = o! 

(1.31) 

This system has n — r linearly independent solutions 

- V^2n(^^*^), ■■■ , -^2n-m+l(V'^*^ ^2n-.^(V'^*^ " " " , K+l(^^*^) (z = 1, 2, . . . , n - r) , (1.32) 

Indeed, if we assume their linear dependence, then the rank of matrix 

V;+l(^(')) ■■■ V2n-m{^^''^) -V2„_„+l(V^«) ••• -V2n{ij^'^) 

K+l(V^("-^)) ■■■ V^2n-™(^«"-^») -V2n-„^+l(^«"-^))) ■■■ " V^2n (V^"""^)) ; 



(1.33) 



will be less than n — r. However, since the rank of (I1.33P equals the maximum number of its linearly 
independent rows, there exist numbers ai, . . . , a„_j., such that at least one of them is nonzero and 



ai 



Viiij^''^) + a2\/.(^('') + • ■ ■ + an-rViiij^^'-'y) = 0, t = n + l,2n 



or 



Vi {al^P^^^ + a2^('^ + ■ ■ ■ + a^.^V-^"''^) =0, ^ = n + 1, 2n. 

Thus, setting 

^(t) = a,i;^'\t) + a2iJ^^\t) + ■■■ + a^-ri^^^-^Kt) , (1.34) 

we have 

V,{iP) = Q (^ = l,2,...,n,n + l,...,2n); 



in a more detailed form 



6aV^i(T) + --- + 6«^„(T)=0, 

6SlVl(T) + ---+&SnVn(r)=0, 
&nL,A(0) + --- + &21™,„^n(0) = 0, 

6SVi(0) + --- + 6S°Vn(0) = 0, 
6aVi(T) + --- + 6S^n(T) = 0, 

Ol(0) + --- + ^SnV'n(0) = 0, 

6S°Vi(0) + --- + 6S°V„(0) = 0. (1.35) 



Show that the determinant of the 2n x 2n matrix 









"ml 


L'mn 




(0) . 

ji— m,l 





"^11 




"In 




"11 




"in 




n 

"n— m,l 


n 




5(0) . 





"11 



"in 




"11 


"in 









G 



(1.36) 



V w,^ ■■■ c ... y 

of system (|1.35p with respect to ?/'i(0), . . . , ■?/'„(0), ■?/'i(T), . . . .ifj^iT) is not equal to zero. By virtue of 
the Laplace theorem (see, e.g. [7], p. 51), the sum of all nth order minors in the last n rows of matrix 
G multiplied by their algebraic complements equals the matrix determinant. However, in the rows of 
matrix G that have numbers n + 1, . . . , 2n there is only one nth order minor: its elements are in the 
columns with numbers Zi, . . . , im and rows with numbers 2n — m + 1, . . . 2n that form matrix {Bqi)~^, 
and also in the columns n + i[, . . . , n + i'^ and rows n + 1, . . . , 2n — m that form matrix (Bf^)^^. Its 
complement equals the determinant situated in in the rows 1, . . . , m and columns n + j[, . . . , n + ][ 
forming a matrix Em, and also in the rows m + 1, . . . , n and columns ji, . ■ ■ , ji forming a matrix En-m- 
Calculating these minors with the help of the Laplace theorem, we obtain 



X 



det G = ( — 1)''"'""' ^irn+2n-m+lA \-2n+n+i[-\ \-n+i'^_^ + in+l)A h2n-m 

x(-i)^i+-+'-+2«-™+i+-+2n(iet {B^^y^det (B^J-i(-i)"+Ji+-+"+i,'n+i+-+- = 

(-iyi+---+<-r.^+ri+---+r^(-if {B^,y'det{Bl,)-' 



-I)'" det (5i^i)-Met {B^^-^ 



^0. 



det -Boidet B\\ 

Thus, linear equation system ( 11. 35^ has only the trivial solution ?/'i(0) = . . . = V^ri(O) = ^1(7") = . . . = 
ipn{T) = 0; therefore, ip{t) = which contradicts the linear independence of functions ip^^\t), 
ipi"'-^)(^t) (see equality 01.34p ). Finally, linear equation system p.3ip has n — r linearly independent 
solutions (11.32P so that the rank of matrix (ll.Op of system (11.3ip does not exceed r which is impossible 
because this rank equals n according to the assumption. 

We see that our initial assumption that the rank of matrix (11. 29^ is less than n leads to contradiction. 
Consequently, the rank of this matrix equals n and homogeneous BVP p.3p , ( II. 4p has only the trivial 
solution. 

The reasoning above shows that the following statement is valid. 



Theorem 1.2. If homogeneous EVP ( fj.3lJ . has only the trivial solution, then the corresponding 

conjugate BVP lll.23\) . il.24\) also has only the trivial solution. 



Theorem 1.3. Under the conditions of Theorem 2 inhomogeneous BVP 111.2^) . I[1.26{} has one and 
only one solution. 



Proof. According to Theorem 2, BVP p.23p . ( I1.24p conjugate to ( ll.3p . p.4p has only the trivial solution. 
Literally repeating the proof of Theorem 1, we obtain the required result. □ 



2 Statement of the minimax estimation problem and its reduc- 
tion to an optimal control problem 

Let a vector-function 

yit)=H{tMt)+m, (2.1) 

with the values form the space i?' be observed on an interval {a, j3) C (0,T); here H(t) is an / x n 
matrix with the entries that are continuous functions on [a, /?], ^(t) is a random vector process with zero 
expectation M^{t) and unknown / x / correlation matrix R(t,s) = M^(t)^^{s). Let a vector-function 
ip{t) be a solution to BVP ([Til), (fOll . 

Denote by V the set of random vector processes ^(t) with zero expectation M^(t) and second 
moments M^it)^ integrable on (q!,/5) such that their correlation matrix R{t,s) belong to the space 

"13 



S^R: J Sp[Q{t)R{t,t)]dt<lY (2.2) 



Set 

G={F := (/o, a, /(■)) : mfo - /o^°^ /o - f^^m + {Qi{h - Z^), h - ff\- 

+ [\Q2mm - /^°^), fit) - f^'^Ut <l\, (2.3) 



-m 



where /o^°^ G M"^, ^ G M"""^ are given vectors; f^^\t) = (/f ^(t), /i°^(t) . . . fn\t)f is a given vector- 
function with the components belonging to the space L^(0,T); Q{t), Qo, Qi, and Q2it) are positive 
definite matrices of dimensions I x I, m x m, {n — m) x {n — m), and n x respectively, the entries 
of Q(t), Q~^{t), and Q2(t), Q2^(t) are continuous on [a,P] and [0,T]; and Sp-B = ^^^^ &m denotes the 
trace of the matrix B = {%}'j=i- 

Assume that the right-hand sides /(■), /o, and /i of equation p.ll) and boundary conditions p. 21) 
are not known exactly and it is known only that the element F := (/o, /i, /(■)) belongs to a set G and, 
additionally, ^{t) G V. 

We will look for an estimation of the inner product 

{a,v{s))n, (2.4) 
in the class of estimates linear with respect to observations that have the form 

rs pfB 

{a,ifi{s))n= / iui{t),y{t))idt+ / {U2it),y{t))idt + c, (2.5) 



where s G (a,/3) and a are vectors belonging to M", Mi(t), i = 1,2 are vector-functions belonging, 
respectively, to L^(a,s) and L^(s, /3), and c is certain constant. Set u := {ui,U2) E H := L^(a,s) x 
L2(s,/?) = L2(a,/5). 
An estimate 

(a,v?(s))n= / {ui{t),y{t))idt+ / {u2{t),y{t))idt + c 



for which vector-function M(t) = (iii(t), n2(i)) and constant c are determined from the condition 



a{u,c):= sup M\{a, (p{s))n - (a, (p{s))n\ — > inf := a , 

where is a solution to BVP jLl]), (D at f{t) = /(t), /q = /o, /i = A, and 

(a;^)„ = / (Mi(t), y(t))irft + [\u2it),y{t))idt + c, y(t) = H{t)^{t) + i{t), 



will be called a minimax estimate of inner product (a, (p{s))n- The quantity 



a = { sup M[(a,(^(s))„-(a,^(s))„]2}V2 

will be called the minimax estimation error. 

We see that the minimax mean square estimate of inner product (a, (p{s))n is an estimate at which 
the maximum mean square estimation error calculated for the worst realization of perturbations attains 
its minimum. 

In this section, we will show that solution to the minimax estimation problem is reduced to the 
solution of a certain optimal control problem. 

For every fixed u := (mi, M2) G H introduce vector-functions Zi{-; u) G -ff^(0, a)", Z2{-; u) G H^{a, s)", 
Z3{-;u) G H^{s,PY, and Zi{--u) G H\p,T)'' as solutions to the following BVP: 

L*zi{t;u) = 0, 0<t<a, BoZi{0;u) = 0, 

L*Z2{t;u) = —H^(t)ui{t), a<t<s, Z2{a;u) = Zi{a;u), 
L*zs{t;u) = -H'^{t)u2{t), s<t<(3, Z3{s; u) = Z2{s; u) - a, 
L*Zi{t;u) =0, (3<t<T, Z4{f3;u) = Z3{(3;u), BiZ^{T;u) = 0. (2.6) 

Lemma 2.1. Determination of the minimax estimate of inner product {a,ip{s))n is equivalent to the 
problem of optimal control of the system described by BVP 12. 6\} with the cost function 

I{u) = {Qo^BoZi{0; u), BoZi{0; u))m + {Qi^BiZi^T; u),BiZi{T; u))n-m 

pa PS 

+ / {Q2^it)zi{t;u),zi{t;u))ndt+ / {Q2^{t)z2{t;u),Z2{t;u))ndt 



+ I {Q2^{t)z3{t]u),Z3{t;u))ndt + J {Q:^^{t)zi{t]u), Zi{t]u))ndt 

{Q-\t)ui{t),uiit))^dt+ / {Q-\t)u2it),U2it))^dt. (2.7) 

J s 

Proof. Show first that BVP (12. 6p is uniquely solvable under the condition that functions ui(t) and U2{t) 
belong, respectively, to the spaces L^(a,s) and L^(s,/?). 

Since homogeneous BVP ( 11. 3p . 01. 4p has only the trivial solution, the BVP 

L*ip{t) = g{t), 0<t<T, 5o^(0) = 0, BiipiT) = (2.8) 

has, in line with Theorem 3, the unique solution for any right-hand side, in particular, at 

0, < t < a; 

0, P <t<T. 

Denote this solution by z(t;u) and its reductions on intervals (0,a;), {a,s), (s,/5), and (/?, T) by 
zi{t;u), Z2(t;u), z^{t]u)^ and z^^it^u), respectively. Note that function z(t;u) is absolutely continuous 
on [0,T] (see [I]). 

Let us show that the problem 

L*|«(t) = 0, 0<t<a, BoE^^\0) = 0, 



L*|(2)(t)=0, a<t<s, E^'^\a;u) = E^^\a;u), 

L*f (t) = 0, s<t<p, f (s; m) = |(') (s) - a, 

L*|W(t) = 0, (3<t<T, =|(=^)(/3), 5i|(^)(r) = (2.10) 

has one and only one solution at any vector a G M"^. 

Denote by zf \t), i = 1, n, j = 1, 4, the coordinates of vector- function ^'••'-'(t), j = 1,4. Let yik{t), 
i, k = l,n is the fundamental system of solutions of the equation system L*z{t) = on [0,T]. The we 
can represent functions zl''\t), i = l,n, j = 1,4, in the form 



k=l 

where c^^^ are constants. Taking into account the boundary conditions at the points t = 0, T and 
conjugation conditions at t = a, s, P in (12.101) . we see that the solution to BVP (I2.10p is equivalent to 
the solution of the following linear equation system with An unknowns cj^\ A; = 1, n, j = 1, 4 : 



k=l 


= 0, 


« = 1, 77, — m. 


(2.11) 


n 

j]y.,(«)(4^)-cf) 
it=i 


= 0, 


z = 1, ra. 


(2.12) 


n 
k=l 


= fli. 


i = 1, n. 


(2.13) 


k=l 


= 0, 


z = 1, n. 


(2.14) 


n 


= 0, 


z = 1, m. 


(2.15) 



k=l 



where 



n 



4 = X^^lrVrfc(O), i = l,n-m, A; = l,n, 

r=l 



n. 
s=l 



Oj, i = l,n, denote the coordinates of vector a, and bf}, i = l,n — m, r = l,n, and i = l,m, 
s = l,n, denote the entries of matrices I3q and respectively. 

Show that system (I2.11I) - (I2.15I) is uniquely solvable at any vector a G M". To this end, note that 
homogeneous system (I2.1ip - (l2.15p (at a = 0) has only the trivial solution. 

Indeed, setting a = in equations (12.121) and f l2.13p . taking into account (12.141) and the fact that 
det{yik{a)}li,^^ ^ 0, det{yik{s)}li,^^ ^ 0, and det{yik{P)}lk=i 7^ because yik(t), i,k = l,n is the 
fundamental system of solutions of the equation system L*z(t) = on [0,T], we obtain 

Jl) _ J2) _ (3) _ (4) _. 

'^k ~ H ~ ^k ~ ^k ~- ^k- 

Coefficients satisfy equations ( 12. lip and (12. 15^ : therefore vector- function V'(^) with the components 
=iCkyik{t), i — l,n is a solution to conjugate BVP (|1.23p, (|1.24|) which has only the trivial 
solution ip{t) = on [0, T]. This implies = 0, so the homogeneous linear equation system (I2.1ip - (12.15p 
(at a = 0) has only the trivial solution. Consequently, system (I2.1ip - (l2.15p and therefore BVP (|2.10p 



which is equivalent to this system are uniquely solvable at any vector a G M". Then vector- functions 
Zi{t;u) = Zi{t;u) + z^'^\t), i = 1,4, form the unique solution to BVP (I2.6p . 

Show next that the determination of the minimax estimate of inner product (a, (p{s))n is equivalent 
to the problem of optimal control of the system described by BVP (12.6p with the cost function (I2.7p . 

Using the second and third equations in (12.61) and the fact that is a solution to BVP (11.11) . (11.21) 
at f{t) = f{t), fo = fo, and /i = /i, we easily obtain the relationships 



s 

T 



- I (H {t)ui{t),(p{t))ndt = {z2{a;u),(p{a))^~ {z2{s;u),(p{s))^+ / {z2it;u), f{t))ndt, 

J a 

{H^{t)u2{t), m)ndt = {z^is- u),^{s))^ - {zsiP; u), <^(/5))„ + / {Z3{t; u), ]{t))ndt. 

J s 

Taking into account the equalities 

Z2{a]u) = zi{a]u), Z2{s]u) - z^{s]u) = a, Z3{P;u) = Z4{P;u), 



{zi{a;u),(p{a))^= / d{zi{t;u), (p{t))n + izi{0;u), (p{0))r 



{Z4{(3; m), ^(/?))„ = - / d{z4{t; u), ip{t))n + {z4{T; u), (p{T))n, 
and that (we refer to the reasoning on p. [7]) 

{z,{0;u),^{0))^ = {BoZ,{0;u),Bom)^+ (BoZiiO;u),Bom) = (BoZi{0;u)Jo 



{z,{T-u),(p{T))^^={B,z,{T-u),B,^{T))^_^+(^B,z,{^^^ 
we obtain _ 

rs rs 

= {z2{a-u),^{a))^+ {H^{t)ui{t),^{t)\dt+ {z2{t-u), J{t))ndt 



-(z3iP;u),^iP))^+ I {H''{t)u2{t),^{t))ndt + J {z^{t-u),f{t))ndt 
- / {u^{t),y{t))idt- I {U2{t),y{t))idt-c 



d{z^{t-u),^{t))n + {z^{^-u),^{Q))n+ / {H^{t)Ui{t),^{t))r4t 

a 



+ / {Z2{t]u)j{t))r4t+ I d{Zi{t]u),lf{t))n- {Zi{T]u),ip{T)), 



+ f\H''{t)u2{t),^{t))ndt+ f\z3{t-u),f{t))„dt- j {H^{t)ui{t),^it))ndt 
J s J s J a 

- j {ui{t),l{t)idt- j\H^{t)u2{t),^{t))ndt- I\u2{t),l{t)idt-c 

J a J s J s 

dt + £ (^^,z^{t;u)^ dt+{BoZ,{0-u)JoU 



+ 1 {Z2it;u),fit))r4t+ I [ ,mj dt + J \^-^,z,{t;u)] dt 



-{BiZ4{T;u),fi)n-m+ I {zs{t;u)J{t))ndt- I {ui{t),^{t)idt- I {U2{t),^{t)ldt-C. 
Taking into notice that 



dzi(t; u) 
Jt 



A^{t)zi{t\u) Ha (0, a), 



dzi{t]u) _ J, 



dt 



{t)z4{t;u) Ha {(3,T) 



H ^ = f(t)-A{tm) Ha (0,T), 



and therefore 



dt 



" /dzi(t;u) . , , , , 



( dm 

V dt ' 



Zi{t; u) ) dt 



{A^{t)z^{t-u),m)ndt+ {z^{t-u),~f{t)- A{t)g>{t))ndt= / {zi{t-u)J{t))ndt 



^ dzAt\ u) ^, .\ , '"^ 



/3 

we use the last equality to obtain 



{Zi{t]u)J{t))ndt, 



{a,ip{s))n- {a,ip{s))n= (BqZi{{];u)Jq) +/ {z{t;u), f{t))ndt 



BiZ4{T;u),fi 



iui{t)Jit))idt- / iu2{t),iit))idt-c=:r], 



(2.16) 



where 



z{t; u) 



Zi(t;u), < t < a 

Z2(t;u), a < t < s 

Z3{t;u), s < t < (3 

ZA{t-u), (3<t<T. 



Recalling that ^{t) is a vector process with zero expectation, we use condition (12 ■2p and the known 
relationship Dt] = Mrf — {Mr])"^ that couples the dispersion Dt] := M[ri — Mrff' of random quantity t] 
with its expectation Mi], to obtain 



Mr/= SoZi(0;m),/o 



{~z{t-u)J{t))ndt- (b^z^{T-u),1 



n-Mr] = - / {uiit),iit))idt- / iu2it),iit))idt 



+ 



Dr] = M[r] - Mr]]^ = M / {m{t),i{t))idt+ j {u2{t),i{t))idt 
Mrf = Dr] + {Mi^f = M 
Boz^{0■u)Jo) +[ {z{t-u,~f{t))ndt-(B^z^{T-u),h] -c 



-P "I ^ 

{Ui{t),i{t))idt+ / {U2{t),i{t))idt 



which yields 



inf sup M[{a,ip{s))n- {a,ip{s))nf 



inf sup 







+ supM 



/3 



(2.17) 



In order to calculate the supremum on the right-hand side of ( 12.17^ we apply the generalized 
Cauchy— Bunyakovsky inequality [6|. Let us write this inequality in the form convenient for further 
analysis. 

Lemma. For any f^'^\fP G i?™, /f ^ E R", /i,/2 e (L2(0,T))", the generalized 
Cauchy— Bunyakovsky inequality holds 



{fi^\fi\n + {frjnn~rn+ I {h{t) J2{t))n dt 



c(l) /(2) 



< 



< <|(QoVo^\/ru + (QrVr,/r)n-™ + {Q2\t)h{t),m)^dt\ x 



x|(go/o^'\/o^'V + (Ql/r,/r)n-™ + (Q2(t)/2(t),/2(t))nrft 

m which the equality is attained at 

Setting in the generalized Cauchy— Bunyakovsky inequality 

/^'^ = BoZ,iO;u), tf^ = -B,z,{T-u), = z{t-u), 

/f = /o-/o^°\ f?^ = fi-A'\ f2{t) = Kt)-f'^'\t), 

and denoting 

Y := (5o^i(0; u)Jo- /f),. - (5iZ4(T; m), A - 



.(2) .(2)> 



/ (z(t;M),/(t)-/(°)(^))n^^ 





we obtain, in line with (2.7), the inequality 



l^-l < <^ iQo'BoZiiO;u),BoZiiO;u))m + iQi'B,z^{T;u),BiZi{T;u))n-m+ 



+ I iQ2\t)z{t;u),~zit;u)Ut\ x I (Qoifo - fi'^)Jo - fll'X + (Qiih ~ f["^)Ji - f["\-n.+ 



P(0)^ 



f(0)^ 



f(0)^ 



T 



+ / iQ2mfit)-f^'\t))Jit)-f'\t)Ut\ <\iQ,'BoZ^iO;u),BoZ,{0;u)) 



+ {Q^^BiZi{T]u),BiZi{T]u))n-m + j {Q2^it)z{t]u),z{t;u))ndt^ ■=q, 
where the equality is attained at 

/o = ±^ Qo'BoZ.iO; u) + /(°\ A = T-^ Q^'B,z,{T- u) + /f \ /(t) = ±^ g2(t)5(t; u) + /(°)(t). 



Thus, 



inf sup 



■T ^ _ ^ -|2 

{BQZi{Q]u)Jo)m+ I {z{t;u),f{t))ndt-{BiZ4{T;u),fi)n-m-c 



inf sup 



(5o^i(0; n), /o - - (5iZ4(T; n), A - fl'\-m + I {z{t; n), f{t) - /W(t))„ dt 



(0)^ 



T 



inf sup 



y + (So;2i(0;M),/o(°))„-(Si;24(T;M),/f / (5(t; m), /(o)(t))„ rft 



(0)^ 



(Qo ^5o2i(0; u), BoZiiO; + (gri5i24(T; u), B,z^{T- u))r 



T 



+ / {Q2 {t)z{t;u),z{t;u))ndt 



(2.18) 



at c = (SoZi(0; m), /f - {BiZ,{T; u), ff\-^ + /o^(5(t; u), cit. 
Calculate the second term on the right-hand side of (12.17^ . Setting 

""^'^ \ U2{t), s<t<(3, 
and applying the generalized Cauchy— Bunyakovsky inequality, we have 



M 



{Ui{t),^{t))idt 



{U2{t),l{t)\dt 



-| 2 


\ ~ 1 


= M 


/ {u{t),i{t))idt 

-J a 



< M 



{Q-\t)u{t),u{t))idt- / {Q{mt),m)idt 



{Q-\t)u{t),u{t))idt- / M{Q{t)m,m)idt. 



(2.19) 

Here M can be placed under the integral sign according to the Fubini theorem because we assume that 
^(t) is a random process of the integrable second moment. Transform the last factor on the right-hand 
side of fl2T9D : 



M{Q{t)m,m)idt 



/3 ^ 

M{Y^{Q{t)l{t))Ut))dt 



i=l k=l 



M(5^5^to4W6W)^^t= / $^$^toM(4(t)|,(t))dt 



i=l k=l 



Sp[Q{t)R{t,t)]dt. 
Taking into account that (12. 2p holds, we see that (I2.19P yields 



supM 



Mt),^{t))idt+ / iu2it),iit))idt 



< 



< / {Q'\t)u,it),uiit))^dt+ / {Q-\t)u2it),U2it))^dt. (2.20) 



It is not difficult to check that here, the equality sign is attained at the element 

vQ-\t)uiit) 



1/2 



a < t < s; 



{Q-\t)ui{t),Ui{t))^dt + j {Q~\t)u2it),U2it))^dt 

vQ-\t)u2{t) 

./3 1 1/2 

{Q-\t)ui{t),Ui{t))^dt+ / {Q'\t)u2{t),U2{t))^dt 



, s<t<p, 



where t] is a random quantity such that Mr] = and Mr]"^ = 1. We conclude that statement of the 



lemma follows now from f l2T7ll . (I218D . and ^M>. 



□ 



3 Representations for minimax estimates of functionals of solu- 
tions to two-point boundary value problems and estimation 
errors 

In this section we prove the theorem concerning general form of minimax mean square estimates. Solving 
optimal control problem (I2.6p . (I2.7p . we arrive at the following result. 

Theorem 3.1. The minimax estimate of expression {a,ip{s)) has the form 



(a,(^(s)) 



{ui{t),y{t))idt+ / {U2{t),y{t))idt 



where 



ui{t) = Q{t)H(t)p2{t), U2{t) = Q{t)H{t)ps{t), 

Jo 



(3.1) 



zi{t), 0<t<a; 
Z2(t), a < t < s; 
Z3{t), s<t<(3; 
Zi{t), f3<t<T, 

and vector-functions Pi{t) and Zi(t), i = 1,4, are determined from the solution to the equation systems 



L*zi{t) = 0, 0<t<a, 5oZi(0) = 0, 

L*Z2{t) = -H^{t)Q{t)H{t)p2{t), a<t<s, Z2{a) = zi{a), 
L*zs{t) = -H^{t)Q{t)H{t)p3{t), s<t<P, Z3{s) = Z2{s) - a, 

L%(t)=0, P<t<T, z^{P) = Z3{P), Si^4(T)=0, (3.2) 
Lpi{t) = Q^\t)zi{t), 0<t<a, BoPi{0) = Qo'BoZi{0), 
Lp2(t) = Q2^{t)z2{t), a <t < s, p2{a) = pi{a), 

Lpsit) = Q2\t)z3{t), S<t<p, P3{s) = P2{s), 

LpAit) = Q^\t)z,it), (3<t<T, p,{/3) = p3(/5), BmiT) = -Q^'B^T)- 
Here zi,pi G H^{0,a)'^, Z2,P2 G if^(a,s)", ^3,^3 G if^(s,/5)", and z^^p^ G if^(/3,T)". The minimax 



estimation error 



a = {a,p2{s))l/^. 



(3.3) 



System 113. 2\) is uniquely solvable. 



Proof. We will solve optimal control problem (I2.6p . (12.7p . Represent solutions Zi{x;u), i = 1,4, of 
problem (12.61) as Zi(t;u) = Zi(t;u) +Zi(t), where Zi(t;u), Z2(t;u), Z3{t;u), Z4^(t;u) and Zi(t), Z2(t), Zsi^t), 
Zi(t) denote the solutions to this problem at a = and ui = 0, U2 = 0, respectively. Then function 
f l2.7p can be represented in the form 



where 



I{u) = i{u) + 2L{u) + A, 



I{u) = {Qo'BoZii^; u), 5o^i(0; u))m + {QrBiMT; u), B^z^iT; u))n- 

pa ps 

+ / {Q2^{t)zi{t;u),zi{t;u))ndt + / {Q2^{t)z2{t;u),Z2{t;u))ndt 

Jo J a 

+ J {Q2^{t)z3it;u),Z3it;u))ndt + J {Q^^ (t) Zi^t; u) , Zi^t; u))ndt 

+ I {Q~\t)ui{t),Ui{t))^dt+ f\Q~\t)u2{t),U2{t))^dt, 
J a J s 

L{u) = {Q^^Boz^{0■u),BoUO)U + {Ql'B^z,{T;u),BMT))n-rn 

pa ps 
+ / {Q2\t)Zl{t]U)Mt))ndt+ / {Ql,\t)z2{t]u),h{t))ndt 



+ j {Q2\t)z3{t;u),Z3{t))ndt + J {Q2^ {t)Zi{t- u) , Zi{t))ndt , 

A = (Qo i5oli(0), 5oli(0))„ + (Qr'^i^4(T), Bih{T))n-m 

pa ps 
+ / {Q2\t)Ut),Ut))ndt+ / {Q2\t)Ut),Ut))ndt 



Since solution z(t; u) of BVP (|2.8I) is continuou^ with respect to right-hand side g{t] u) defined by (12. 9p . 
the function u — > ^(■; u) is a linear bounded operator mapping the space H = L'^{a, s) x L^{s,P) to 

Hi := H\0, a) x H\a, s) x H\s, (3) x H\i3, T). 

Thus, I{u) is a continuous quadratic form corresponding to a symmetric continuous bilinear form 

7r(M,f) := ((5o^So%(0;M),So^i(0;f))„ + {Q^^BiZi{T;u),BiZi{T;v))n-m 



+ / {Q2\t)Zl{t-u),Zi{t-v))ndt+ / {Q~\t)z2{t-u),Z2{t-v))ndt 
Jo J a 

+ / {Q2^{t)z?,{t;u),Z:i{t;v))ndt+ I {Q2^{t)zi{t;u), Zi{t]v))ndt 



r./3 

+ / {Q-\t)ui{t),vi{t))^dt+ I {Q-\t)u2{t),V2{t))^dt, 



^This continuous dependence follows from the representation of function z{t;u) in terms of Green's matrix G*(i,^) of 
BVP (see \4\, p. 115): 



L{u) is a linear continuous functional defined on H, and A is a constant independent of u. We have 
i{u) = i{ui,U2)> {Q-\t)ui{t),ui{t))^dt+ {Q-\t)u2{t),U2{t))^dt>c\\u\\]j, c=const; 

J a J s 

using Theorem 1.1 from [3], we conclude that there is one and only one element u = {ui,U2) € H such 
that 

I{u) = I{ui,U2) = inf I{ui,U2)= inf I{ui,U2). 

Therefore ^ 

— /(ui + rt;i, M2 + TV2) 1^=0 = 0' = (^1' ^2) e if. 

Taking into consideration the latter equality, (12. 7p . and designations on p. [20l we obtain 



^ 1 + Tv) 



2 rfr 



lr=0 



{Q^\t)ui,vi)idt+ / (g"^(t)M2,t;2)iC?t+ 
+ {Qo^BoZi{0; u), BoZi{0; v))m + {Qi^BiZi{T] u), BiZi{T] v))n-m 

pa ps 

+ / iQ2^{t)ziit;u),zi{t;v))ndt+ / {Q2^{t)z2{t;u),Z2{t;v))ndt 



+ J {Q2 {t)z3{t;u),Z3{t;v))ndt + J {Q2\t)zi{t-u),Zi{t-v))ndt (3.4) 

Introduce functions pi E H^{0,a)'^, p2 G ii'^(a,s)", ps E H^{s,/3)'^, and p4 E H^{(3,TY as unique 
solutions to the following problem: 

Lpiit) = Q2\t)z,{t; u), 0<t<a, BoPi{0) = Q^^B^z^iQ- u), 

Lp2{t) = Q2^{t)z2{t; u), a <t < s, P2{a) = Pi{a), 

Lpsit) = Q^\t)zs{t;u), s<t<[3, p^is) = p2{s), (3.5) 
Lp4{t) = Q2\t)zi{t- m), P<t<T, 
Pa{I3) = P3{f3), B,p,{T) = -Q^'BMT; u). 

Now transform the sum of the last for terms on the right-hand side of (13. 4p taking into notice that 

{zi{0;v),pi{0))n = {BoZi{0;v),Bopi{0))m and {z^{T;v),Pi{T))n = {Biz^{T;v), Bip^{T))n-m- We have 



{Q2'^it)zi{t;u),zi{t;v))„.dt+ / {Q^^{t)z2{t]u), Z2{t]v))ndt 

J a 

+ / {Q2^{t)Zz{t\u),Z2,{t;v))ndt + j {Q2^{t)ZA{t;u),Zi{t;v))ndt 

{Lpi{t),zi{t;v))ndt + / {Lp2{t),Z2{t;v))ndt 

J a 

+ J {Lp3{t),Z3{t;v))ndt + j {Lpi{t),Zi{t]v))ndt 
{pi{t),L*zi{t\v))ndt+ {zi{a]v),pi{a))n - (^i(0; t;),pi(0))„ 



+ / {p2{t),L*Z2{t;v))ndt + {Z2{s]v),p2{s))n- {Z2{a]v),p2{a))r 
J a 

+ / {p:i{t),L*Z2.{t]v))ndt+ {z'i{(3]v),p2.{(3))n- {z2.{s]v),p^{s)), 



+ / {pi{t),L*Zi{t;v))ndt + {zi{T;v),Pi{T))n-{zi{(3;v),Pi{(3))n 
= -{z^{0■,v),p^{0))„. + iz^iT;v),p,iT))r, 

{P2{t), H^{t)vi{t))ndt - / (P3(t), H^{t)v2{t))ndt + {Z2{s; v) - Z^{s- v),p2{s))n 



- [ {H{t)p2{t),vi{t))idt- f {H{t)p^{t),V2{t))ldt 



-(So2l(0; V), Qq ^BqZi{{}] U))m - {BiZi{T] v), ^BiZ^iT; u))n-m 

- [ {H{t)p2{t),v,{t))idt- [\H{t)ps{t),V2{t))idt (3.6) 



From equalities (I3.4l) - (l3.6p it follows that 



"/3 

iQ-\t)uiit),viit))idt+ I {Q-\t)u2{t),V2{t))idt 



{H{t)p2{t),Vi{t))idt+ / {H{t)p^{t),V2{t))ldt, 
J a J s 

SO that 

Q~\t)u^{t) = H{t)p2{t), Q-\t)u2{t) = Hit)ps{t), 

u,{t) = Q{t)H{t)p2{t), U2{t) = Q{t)H{t)p;{t). (3.7) 

Functions pi(t), P2it), Psit), and p^it) are absolutely continuous on segments [0, a], [a,s], [s,P], and 
[/3,T], respectively, as solutions to BVP (13.51) : therefore, functions Ui(t) and U2{t) that perform optimal 
control are continuous on [a, s] and Replacing in (12. 6p functions ui(t) and U2(t) by ui(t) and U2it) 

defined by formulas (13.71) and denoting z{t) = z(t; u) we arrive at problem ( 13.21) and equalities ( 13.11) . 

Taking into consideration the way this problem was formulated we can state that its unique solv- 
ability follows from the fact that functional (12.71) has one minimum point u. 

Now let us prove representation (|3.3p . Substituting into formula cr^ = I{u) expressions (13.11) for 
uiif) and U2{i), we have 

cr' = (go^5o^i(0),5o2i(0))^ + {Q^^BiZ^{T),BiZ^{T))n_„, 

ret rs 
+ / {Q2\t)zi{t),Zi{t))^dt+ / {Q2\t)z2{t),Z2{t))^dt 



+ / iQ2'{t)z3{t),Z3{t))ndt+ / {Q2\t)Zi{t),Zi{t))ndt 



{Q{t)H{t)p2{t),H{t)p2{t)),dt+ / {Q{t)H{t)p,{t),Hit)p3{t)),dt. (3.8) 

J s 

Next, we can apply the reasoning similar to that on p. [7] and use ( 13. 2p to obtain 

(^i(0),pi(0))„ = (5o^i(0),5opi(0))™ = {BoZi{0),Qo'BoZi{0)U, 



which yields 



pa PS 

/ {Q2\t)Zi{t),Z,{t))^dt+ / {Q{t)H{t)p2{t),H{t)p2it))idt 

Jo J a 

iLp,{t),Z,{t))r4t- / {L*Z2{t),P2it))r,dt 
J a 

{pi{t),L*zi{t))„dt + {zi{a),pi{a))n - (2i(0),pi(0))„ 

s 

{z2(t),Lp2{t))ndt - {Z2{a),p2{a))n + (^2 (s) , ^2 (s) )n 
-(Zl(0),pi(0))„,- / {z2{t),Q2\t)z2{t))ndt+{z2{s),P2{s))n 



iQ2\t)z2it), Z2it))ndt - {BoZ,{0),QQ^BoZi{0))rn + {Z2is),p2is))n (3.9) 

In a similar manner, using the equality 

(Z4(T),P4(T))„ = iBMT),BMT))n-m = -{BMT),Qi'BMT))n-m, 

we obtain 

(Q2"'W^4(t),2;4(t))„rft+ / {Q{t)H{t)ps{t),H{t)ps{t))idt 

J s 

{Lp^{t),z^{t))ndt~ / {L*Z3{t),p3{t))ndt 



(3 Js 
{p^{t), L*Z,{t))ndt + {p^{T), Z^{T))r, - {p,{P), Z^{P))n 

/3 

iz3it), Lp3{t))ndt + {z3iP),P3{P))n - {Z3is),p3{s))n 
{p4{T),Z^{T))n- / {z3{t),Q2\t)z3it))ndt - {Z3{s),p2{s))r 



= - J {Q2\t)z3{t),Z3{t))^dt-{B,z,{T),Q^'Biz^{T))^_^^-{z3{s),p2{s))n. (3.10) 
Relationships CT- (13101 1 yield 

= (a,p2(s)), 

which is to be proved. □ 

Obtain now another representation for the minimax estimate of quantity {a,ip{s))n which is inde- 
pendent of vector a. To this end, introduce vector-functions pi,0i G H^{0,a)"', P2,02 ^ H^{c(,s)", 
P3,(p3 G H^(s,P)"', and P4,<^4 G if^(/3, T)" as solutions to the equation system 

L*pi{t) = 0, 0<t<a, BoPi{0) = 0, 

L*p2{t) = H^{t)Q{t){y{t) - H{t)02{t)), a<t<s, p2{a) = pi{a), 
L*p3{t) = H^{t)Q{t){y{t)-H{t)^3{t)), s<t<P, p3{s) = p2is), 

L*p,{t) = 0, /3<t<T, p,{/3) = p3i/3), B,MT) = 0, (3.11) 
L^^{t) = Q2\t)p,{t) + /(o)(t), 0<t<a, 5o^i(0) = Qq '^oPi(O) + /f, 
L02{t) = Q2\t)p2{t) + a<t<s, 02{a) = 0i{a), 



L0,{t) = Q^\t)Ut) + P<t<T, 

0m = 03^), Br0,{T) = -Q-'BrPm - ff^ 

at realizations y that belong with probability 1 to space L^(a,/?). 

Note that unique solvability of problem (I3.1ip can be proved similarly to the case of (13.21) . Namely, 
one can show that solutions to the problem of optimal control of the system 

L*pi{t- v) = Q, 0<t<a, BoPi{0; v) = 0, 

L*p2{t; v) = d{t) — H^{t)vi{t), a < t < s, Pi{a; v) = P2{o:; f ), 
L*p3{t;v) =d{t) - H^{t)v2{t), s<t<P, p2{s; v) = psis; v) , 
L*pi{t;v) = 0, p<t<T, p^{P;v) =p3{f3;v), Bipm,v) = 
with the cost function 

J{v) = (Q^\BoPi{0;v)+Qof!,'^),BoPi{0;v) + QofS'^^ 



+ (q^\BMT: v) + Qi/f ^ B,p,{T; v) + Q,ff^ 

+ / {Q2\mi{t\v)+Q2{t)f'\t))Mt\v)+Q2{t)f^^\t))ndt 



+ / {Q2\m2{t;v) + Q2{t)f'\t))Mt;v)+Q2{t)f'\t)\dt 

J a 

+ j\Q2\m^{t-.v)+Q2{t)f'\t))Mt-.v)+Q2{t)f'\t))ndt 
J s 

+ r{Q2\m^{t\v) + Q2{t)f'\t))Mt-v)+Q2{t)f'\t))ndt 

+ [ {Q-\t)vi{t),Vi{t)).dt+ f\Q-\t)v2{t),V2{t)).dt^ min , 

Ja Js v={vi,V2)€H 

d{t) = H^{t)Q{t)y(t), a<t< 

can be reduced to the solution of problem ( 13. lip where the optimal control v = {vi,V2) is expressed in 
terms of the solution to this problem as Vi = Q{t)H{t)02it), V2 = Q(t)H(t)03{t); the unique solvability 
of the problem follows from the existence of the unique minimum point v of functional J{v). 

Considering system (13. lip at realizations y it is easy to see that its solution is continuous with 
respect to the right-hand side. This property enables us to conclude, using the general theory of linear 
continuous transformations of random processes, that these solutions, i.e. the functions Pi(t) = pi(t,uj), 
0i{t) = 0i{t,uj), i = 1,4, considered as random fields have finite second moments. 

Theorem 3.2. The following representation is valid 



{a,ip{s))n = {a,ip2{s))n. 



Proof. By virtue of dO) and (EH]), 



r-/3 

{a,Lp{s))n= I {ui{t),y{t))idt+ I {u2{t),y{t))idt + c 



{Qit)H{t)p2{t),y{t))idt+ / {Q{t)H{t)p3{t),y{t))idt + c 

J a 

= [\p2{t),H^{t)Q{t)y{t))ndt+ !\p^{t),H^{t)Q{t)y{t))ndt + c. (3.12) 

Next, 

l\p2{t),H^{t)Q{t)y{t))idt = 

J a 

{p2{t),L*p2{t))ndt+ / {p2{t),H^{t)Q{t)H{t)^2{t))r4t 
J a 

{Lp2{t),P2{t))ndt + {p2{a),P2{a))n - (P2 (s) , ^2 (s) )„ 

+ [\H^{t)Q{t)H{t)p2{t), 02{t))ndt 
J a 

5 

{Q2^{t)z2{t),P2{t))ndt + (p2(a),P2(a))n " (P2 (s) , ^2 (s) )„ 

- I {L*Z2it),if2it))ndt 
J a 

{Z2{t), Lip2{t))ndt + {p2{a),P2{a))n " (P2 (s) , P2 (s) )n " / {^t)^ Lip2{t))ndt 

J a 

+ {z2{s),02{s))n-{z2{a),02{a))n- [ {Z2{t) , f'\t))ndt 

J a 

= {P2{a),P2{a))n- {P2{s),P2{s))n + {Z2{s),02{s))n- {Z2{a),02{a))n- / {Z2{t) j'^^\t))ndt . (3.13) 

J a 

Similarly, 

{p^{t),H^{t)Q{t)y{t))idt = 



= {pz{s)Ms))n- {pm.Pm)n + {zm,Vm)n- {Z,{s),^,{s))n- j {z,(t) J^'\t))^dt (3.14) 

From ( 13121) . (I3l^ . and (JSHl) it follows 

(a7^)) = (pi(a),pi(a))„- !\z2{t)j'~^{t))ndt- l\z,{t)J^'\t))ndt 



- {Zi{a),>pi{a))n - {P4{P),P4{P))n + {Z4,{P) , 04.{P))n + (a, <^2(s))n + C. (3.15) 

However, 

0= {^i{t),L*h{t))ndt= / {L^i{t),Z^{t))ndt 
Jo Jo 

-(zi(a), <^i(a))„ + (2:1(0), <^i(0))„ 

V pa. 

{zi{t),Q2{t)pi{t))ndt+ / (2i(t),/(°)(t))„c/t-(;2i(«),(^i(a))„ + (^i(0),^i(0))„, (3.16) 



0= / (L*pi(t),pi(t))„rft= / ip^it),Lp^it))ndt 
Jo Jo 

-{pi{a),pi{a))n + (Pi(0),j9i(0))„ 
(Pi W, Q2it)ziit))ndt - {pi{a),pi{a))n + (Pi(0),pi(0))„. (3.17) 
Subtracting from (13.16^ equality ( ]3.17p . we obtain 

= (]5i(«),pi(«))„- (zi(a),^i(«))„-(pi(0),pi(0))„ + (^i(0),^i(0))„+ / {zi{t),f^\t))ndt 

or 







:zi(t),/W(t))„rft + - (zi(a),^i(a))„ = (pi(0),pi(0))„ - (^1(0), <^i(0))„. (3.18) 







Since 

(zi(0),^i(0))„ = (5o^i(0),5o(^i(0))™ = (5oZi(0),Qo^5o^i(0))„ + (5oZi(0),/o^°^)m, 
(Pi(0),Pi(0))„ = (5oPi(0),5oPi(0))^ = (5oPi(0),Qoi5o;2i(0))^, 
we can use the latter equalities, (13.181) . and the fact that Q^^ is a symmetric matrix to obtain 

(pi(a),Pi(a))„-(^i(a),(^i(«))„ = - / (^i(t), /(°)(t))„rft - (5o^i(0), /f )^. (3.19) 

Jo 

Performing a similar analysis, one can prove that 

-(p4(/?),P4(/?))n + (^4(/3),<^4(/3))n = - / {z,{t) , f^\t))ndt + {BMT) J^X-m- (3.20) 

Jp 

From fl3.19p . (|3.20l) . and (13.151) and the expression for c, it follows 



(a,(^(s)) = (a, (^2(5)). 

The theorem is proved. □ 

Corollary. Function 02{s) can be taken as an estimate of solution ip{s) of initial B VP ( fJ.JI) . ( fJ.^J . 
As an example, consider the case when a vector-function y{t) = H{t)ip{t) + ^{t) is observed on an 
interval (0, T), where a vector-function ip{t) with values in is a solution to the BVP 

Li^ = /(t), ^(0) = /o, ^(T) = /i, (3.21) 

and operator Li is defined by the relation 

L^^{t) = -^"{t) + q{t)^{t), 

where q{t) is a positive definite n x n-matrix whose entries are continuous functions on [0,T]. 

Note that this problem has the unique classical solution li fit) is continuous on [0, T] and the unique 
generalized solution if f{t) G L2(0,T). 

Assume that, as well as in the previous case, H{t) is an / x n matrix with the entries that are 
continuous functions on and ^{t) is a random vector process with zero expectation M^{t) and 

unknown / x / correlation matrix R(t,s) = MC,(t)C,^{s). Assume also that domains V and G are given 
in the form (12.21) and (12. 3p where matrices Qo, Qi, and Q2(t) entering (12.31) have dimensions n x n, 
/f = 0, /f) = 0, and /(o)(x) = 0. 



Write equation f l3.2ip as a first-order system by setting v^i(t) = <^'{t), ^2{t) = ^{t) and introducing 
a vector-function 

^(,) _ , vr{t) \ dm _ ( ^ 



V2{t) ; ' dt I ^ / ' 

with 2n components, a vector a = (0, a) with 2n components, a 2n x 2n— matrix 



On,n -qit) 

-E O 



matrices Bq = Bi = Bq = Bi = (0„,„, En), and Bq = Bi = {En-, On,n), and an operator 

Then system (13.2ip can be written as 

Lm = ^ + Am = fit), Bom = k B,^{T) = h- (3.22) 

Applying Theorems 1 and 2 and performing necessary transformations in the resulting equations that 
are similar to (13.21) and (13.111) (in terms of the designations introduced above) we prove the following 

Theorem 3.3. The minimax estimate of expression {a,ip{s))n has the form 

(a,v9(s))„= / {ui{t),y{t))idt + / {u2{t),y{t))idt = {a,^2{s))n, 



where 

Cr^ = {a,P2is))n, 

Ulit) = Q(t)H(t)p2(t), U2{t) = Q{t)H(t)p3{t), and vector-functions 02{t), p2, and ps are determined 
from the solution to the equation systems 

LiZ2{t) = -H^{t)Q{t)H{t)p2{t), 0<t<s, Z2{0) = 0, 

Liz^{t) = -H'^{t)Q{t)H{t)p3{t), s<t<T, Z2{s) - Z3{s) = a, z^{T) = 0, 

LiP2{t)=Q^\t)Z2{t), 0<t<S, P2(0) = Qo '-22(0), 

Lm{t) = Q2\t)zs{t), s<t<T, p2{s)= p;is), P3(T) = -Qr'^3(T), 
Lip2it) = H^it)Qit)iy{t)-H{t)02it)), 0<t<s, ^2(0) = 0, 
Lip,{t) = H^{t)Q{t){y{t) - H{t)03{t)), s<t<T, 

P3{s)=P2{s), P3{T)=0, 
Ll^2{t) = Q2\t)p2{t), < t < S, ^2(0) = Qo 'P2(0), 

Li^z{t) = Q2\t)psit), s<t<T, ^sis) = Ms), ^T) = -Q-'p^{T). 



4 Minimax estimates of solutions subject to incomplete restric- 
tions on unknown parameters 

Assume again that observations have form (12. ip and undetermined parameters /o, /i and f{t) belong 
to the domain ^ 

G = {F={U,hJ): f {Q2{t)f{t)J~{t))dt<l}, (4.1) 

where Q2it) is given in fl2.3p . The correlation function of process C,(t) belongs to domain (12.21) . 
Introduce the set 

U = {«(■) : BoZi{0, u) = 0, Biz^{T, u) = 0} (4.2) 

here u(t) = I ^^Ifx' ^ ^ ^ ^' where Zi{t,u)A = 1,4, is the solution to BVP (12.61) . 
^ ^ \ n2(t), s <t< p, n 5 VI — V 



Lemma 4.1. 



(j(U, cj 



oo, u ^ U, 

ai{u, c), u E U, 



where 



ai(M,c)= / {Q2^z{t,u),z{t,u))dt+ / (g"^(t)M(t), M(t))dt + = J(m) + (4.3) 



This lemma can be proved using formula ( 12.161) . 

Lemma 4.2. U is a convex closed set in the space L2{a,(3). 

Proof. The convexity of set U is obvious. Let us prove that this set is closed. 
Note that functions zi{0,u) and Z4(T,u) can be represented as 

zi(0,m) = ai + $i(t)«(t)(it, 

Z4{T,u)=a2 + j^^2{t)u{t)dt, 



(4.4) 



where $i(t) and $2(^) are known matrix functions with the elements from L2{a,P) and ai and a2 are 
vectors. Expression ( 14. 4p can be obtained if we introduce a vector zo such that Zi{0,u) = zq. Then 
zi{a,u) = $(a,0)zo5 where $(t,r) is a solution to the equation 

^^^ = -A*m{t,r),<!>{r,T)=E. 
Z2{s,u) = ^{s, a)z2{a,u) = ^{s, a)zi{a,u) + / ^{s,T)H^{T)ui{T)dT = 

J a 

$(s,0)2o+ / $(s,r)if^(r)ni(r)cir. 

Next, 

Zi{T, u) = $(T, 0)zo + / $(r, T)H^{T)u{T)dT + $(T, s)a. 

Since BVP (12.61) is uniquely solvable, there exists one and only one vector Zq satisfying the algebraic 
equation system 

BqZq = 0, 

fii<l>(T, 0)zo = - Ht, T)H^iT)u{T)dT - $(T, s)a. 
Solving this system we determine zq in the form 

Zo = b+ / $o(r)M(r)c?r, 



where ^o{t) is a known matrix function continuous on [a, (3] and 6 is a known vector. Taking into 
account this equality, we obtain expression (13.41) . From these relationships, it follows that if a sequence 
Un{t) converges in L2{a,P) to a function uo(t), then 

lim BoZi{0,Un) = BoZi{0,uo), 

n— >oo 

lim BiZ4,{0,Un) = BiZ4,{0,uo), 

n— ►oo 

which proves that ?7 is a closed set. □ 

Assume now that U is nonempty. Then the following statement is valid. 

Theorem 4.1. There exists the unique minimax estimate of expression {a,(p{s)) which can be repre- 
sented in the form 113. 1\) at c = 0, where vector-functions P2{t) and psit) solve the equations 

L*zi{t) = 0, 0<t<a, BoZi{0) = 0, 

L*Z2{t) = -H^{t)Q{t)H{t)p2it), a<t<s, 22(a) = (a), 
L*zs{t) = -H^{t)Q{t)H{t)p^{t), s<t<P, Z3{s) = Z2{s) - a, 
L*z^{t) =0, (3<t<T, z^{(3) = z^{(3), 
Biz,{T) = 0, BoZiiO), Biz^iT) = 0, (4.5) 
Lpiit) = Q2\t)zi{t), 0<t<a, 
Lp2{t) = Q2^{t)z2{t), a <t < s, p2{a) = pi{a), 

Lpsit) = Q2\t)z3{t), S<t<p, P3{s) = P2{s), 

Lpi{t) = Q2^{t)z4it), s<t< (3. 
Proof. Similarly to Theorem 13.11 one can show that for m G f/ the following equality holds 

a{u, c) = J{u) + c^, 



where 



J{u)=l {Q^^{t)Zi{t,u),Zi{t,u))ndt+ {Q2^{t)z2{t,u),Z2{t,u))ndt 



+ / {Q2^{t)z3{t,u),Z3{t,u))ndt+ I {Q2^{t)Zi{t,u),Zi{t,u))ndt 



PS I-I3 

+ / {Q-^{t)ui{t),ui{t))dt+ / {Q-\t)u2{t),U2{t))dt, 

J a J s 

and Zi(t,u),i = 1,4, are solutions to equations (14. Sp at BqZi{0,u) = and BiZi{T,u) = 0. J{u) is 
a strictly convex lower semicontinuous functional on a closed convex set U and lim||„||^oo J{u) = 00. 
Therefore there exists one and only one vector u such that min„g(7 J(m) = J{u). This vector can be 
determined from the relationship 



d 

dr 



— J^(Mi + TVi,U2 + TV2] 



0, \fv = {v,,V2) EH, 



T=0 



where 

Jf,{u) = J{ui,U2) + {fil,BoZi{0,u)) + {fl2,BlZ4{T,u)), 

H = (/ii,/i2), fil G M."^, and fi2 E R"""^ are Lagrange multipliers. 

Further analysis is similar to the proof of Theorem 13. 1[ □ 



Let vector-functions Pi{t),p2{t),p3{t),p4^{t),0i{t),02{t),03{t),04,{t) be solutions to the system 

L*pi{t) = 0, 0<t<a, 

L*p2{t) = H''{t)Q{t)[y{t) - H{t)02{t)), a<t<s, 
L*p,it) = H^{t)Q{t)[y{t) - H{t)^;{t)), s<t<P, 
L*pi{t) = 0, (3 <t<T, 
Lip,{t) = Q2\t)pi{t), 0<t<«, 

Lip2{t) = Q2\t)p2{t), a<t<s, (4.6) 

L0:,{t)=Q^\t)p3{t), s<t<(3, 

LMt) = Q2\t)p4{t), f3<t<T, 

BoPiiO) = 0, P2ia) = pi{a), ps{s) = p2{s), p^ip) = PaiP), 

Api{T) = 0, BoPiiO) = 0, B^p^{T) = 0, 

(P2ia) = (pi{a), (ps{s) = ip2{s) (p^{p) = 

Theorem 4.2. Assume that for any vector a G M" set U is nonempty. Then system U-^l ) is uniquely 
solvable and the equality 

(a,(^(s)) = {a,02{s)) 

holds 

Proof. Introduce functions Pi{t,v) as solutions to the BVP 

L*pi{t,v) =0, < t < a, 

L*p2it, v) = d{t) - H^{t)vi{t), a<t<s, 

L*psit, v) = d{t) - H^{t)v2{t), s<t<(3, 

L*p^{t,v) = 0, (3<t<T, 

BoPi{0,v) = 0, BiPi{T,v) = 0, 

P2{a, v) = pi{a, v), psis, v) = p2{s, v), pi{(3, v) = p-i{(3, v), 

where d{t) = {t)Q{t)y(t). 
Define a set 

U^ = {v: BoPi{0,v) = 0,Bm{T,v) = 0}. 

Since U is nonempty, the same is valid for Ui for any vector a. Similarly to the case of U, one can show 
that Ui is a convex closed set. Denote by Ji{v) the functional of the form 



Mv)= / {Q2\t)p,it,v),piit,v))dt+ / {Q,\t)p2{t,v),P2{t,v))dt 
Jo J a 

+ [\Q2\t)p3{t,v),P3{t,v))dt+ I {Q2\t)p,{t,v),p^{t,v))dt 



+ [ iQ-\t)vi{t),Vi{t))dt+ f {Q-\t)v2{t),V2{t))dt. 
J a J s 

One can show, following Theorem 14.11 that on set Ui there is one and only one point of minimum of 
functional namely, 

v^{t) = Q-\t)H{t)02{t), V2{t) = Q'\t)H{t)03{t), 
where functions (p2(t) and (fsit) are determined from system (14. 6p . The proof of the equality 

{a,ip{s))n = {a,02{s))n 

is similar to that in Theorem 13.21 □ 



5 Elimination technique in minimax estimation problems 

Assume that a vector-function 

y^{t) = CMt) + Cuf'it) + ei(t), y2{t) = C^Mt) + C22v'{t) + Ut) (5.1) 

is observed on interval (0,1). Here C = Cij(t) is an m x n matrix with the entries continuous on 
[0, 1]; ^i(t) are vector random processes continuous in the mean square sense and such that M^iit) = 0, 
i = 1,2; function ip(t) is a solution to the BVP 

if"it) = AitMt) + B{t)f{t), <f'{0) = 0, ¥^(1) = 0, (5.2) 

where A{t) and B(t) are, respectively, n x n and n x r matrices with the entries continuous on [0, 1] 
and A{t) is a symmetric nonnegative definite matrix; and f{t) is a square integrable vector- function on 
(0,1). 

Set (f = ipi and ip[ = ip2 and rewrite (15.21) as an equation system 

<^; = <^2, ^'2 = A{t)^, + B{t)f, <^2(0) = <^i(l)=0. (5.3) 

Reduce the solution of BVP ( 15.31) to the solution of a Cauchy problem using elimination. 
We look for function (p2{t) in the form v^2(^) = P{t)Vi{t) + "^{t), where matrix P{t) and vector- 
function ipit) is chosen so that 

^',it) = Ait)Mt) + B{t)fit). 

We have 

^'^(t) = P'(t)^i(t) + P{t)^[{t) + fit) = p'it)Mt) + P{t)Mt) + fit) = 

= p'it)Mt) + Pit)[Pit)Mt) + m] + = mMt) + Bit) fit); 

therefore, functions Pit) and ipit) must satisfy the equations 

P'it) + P\t) = Ait), P(0) = 0, fit) + Pit) ft) = Bit) fit), fO) = 0. (5.4) 

Thus we have reduced BVP ( 15.21) to the Cauchy problem for functions Pit), ipit), and fiit). 

Note that for function P(t) a Riccati equation is obtained which is uniquely solvable on any finite 
interval; in addition, there is one and only one function ipit) which is absolutely continuous and satisfies 
the corresponding equation almost everywhere. 

Using the notations introduced above, we can write the expressions for functions yi(t) and 2/2 (i) as 

y^it) = [Cuit) + Ci2(t)P(t)]<^i(t) + C,2it)ft) + 6(t), 

y,it) = [C2l(t) + C22it)Pit)]Mt) + C22it)ft) + 6(t), 

or 

yit) = Hit)xit)+at), (5.5) 

where 

Hit) = iH,,it)), .^^ , , = Cn + CuP, 

Hl2 = Ci2, H21 = C21 + C22P, H22 = C22, 




and function xit) is a solution to the equation 

dx 

— = A,it)xit) + Brit) fit), v.i(l) = 0, m = Q, (5.6) 



where 

Denote hy V a class of random processes ^(t) whose correlation matrices R{t,s) = M^{t)C,'^{s) 
satisfy the inequality 

1 

2 



qi{t)SpR{t,t)dt < 1, 

here qi{t) is a continuous function on [0, T] such that \qi(t)\ > q > where q is a certain number. 
Assume in what follows that correlation matrix R(t, s) of process ^(t) belongs to V. 
Assume also that function f{t) belongs to a set 

G=|/: jiQf,f)dt<l\, (5.7) 

where Q is a positive definite matrix. 

Our problem is to find a minimax estimate of expression (ai, ^i{s)) + (02, ^2(3)) using observations 

(EH]). Since (ai, V2i(s)) + (a2, V52(s)) = (ai + Pa2, V5i(s)) + (a2, ^/'(s)) = (6, x(s)) where 6 = ( '^1 + -^^2 

\ 02 

there is a one-to-one correspondence that couples the estimates. 

We look for an estimatqj of expression {b,x{s)) in the class of estimates of the form 

s 1 

(MK?) = J {ui{t), y{t))dt + j {U2it),y{t))dt + d (5.8) 

s 

linear with respect to observations where ui(t) and U2{t) are square integrable functions on (0,s) and 
(s, 1), respectively, and d e M^. 

As before, we look for minimax estimate {b,x{s)) = f{ui(t),y(t))dt + J{u2(t),y{t))dt + d of inner 

s 
s 1 

product (6, x{s)) in the class of linear estimates of the form (6, x{s)) = J {ui(t),y(t))dt+ J {u2{t),y{t))dt+ 

^ s 

d. For this estimate vector-function u{t) = {ui{t) , U2(t)) and constant d are determined from the condi- 
tion 

inf sup M[(6,x(s)) - (M(s))]^ = sup M[(6, £(s)) - (M(^)]^ (5.9) 

nieL2(o,s),«2eL2(s,i),dGM^gyj-gQ CgvJgg 

_ . — . s 1 

where x is a solution to problem (15. 2p at / = /, (6, a;(s)) = J{ui(t),y{t))dt + J{u2{t),y(t))dt + 

y(t)=//(t)£(t)+e>). 

Introduce functions zi{s) and -22('S) as solutions to the equations 

z[ = -Alzi + H^ui, 2ii(0) =0, < t < s, 

z'^ = -AIZ2 + H^U2, ^22(1)=0, s<t<l, (5.10) 

-Z2{s) + 2;i(s) = h. 



^In this section (•, •) will denote the inner product in the corresponding Euclidean space 



Proposition 5.1. Let Zi{s) and Z2{s) he solutions to the B VP for equations ^5.10\) : then the following 
equality holds 



s 1 

12 



sup M[{b, x{s)) - (6, x{s))Y = I {Qizi, zi)dt + / {Q1Z2, Z2)dt+ 




1 



+ J qi'^{ui,ui)dt + J qi{u2,U2)dt + d'^, (5.11) 

s 

where 

Qi = BiQ ^B^. 

The proof of this statement is similar to the proof of the corresponding assertion from Section 2.1. 

Remark. The BVP is uniquely solvable in the class of absolutely continuous functions. 

Indeed, writing the equations for the components of vectors Zi and Z2 we obtain an equation system 

z[^ = -Pzn + {H^Ui)i, zu{0) = 0, 

Z[^ = -Zu+PZi2+{H^Ui)i, -Z2i{s) + zu{s) = h, (5.12) 

4l = -PZ21 + {H'^U2)i, -Z22{s) + Zi2{s) = 62, 
Z22 = -Z21+PZ22+{H^U2)2, 2:22(1) =0. 

For function 2:11 we have a Cauchy problem; solving this problem we find Z2i{s) and, consequently, 
-222 (s). Solving the Cauchy problem for Z2i{t), we obtain this function for any t G (s, 1). Function Zuit) 
can be determined in a similar manner. 

Proposition 5.2. Let functions ui(t) and U2{t) have the form ui(t) = piit)H(t)zi(t) and U2(t) = 
P2{t)H(t)z2(t), where piit) and p2it) are continuous, respectively, on [0,s] and [s,l]. Then the following 
representation is valid 

s 1 

'Mt),y{t))dt + j{u2{t),y{t))dt={h,xi{s)), (5.13) 

s 

where Xi{s) is determined from the solution to the equation system 

x[{t) = Aix,+pi{t)H^{y{t) - Hxi{t)), 

x'2{t) = A^X2 + p2{t)H^{y{t) - Hx2{t)), (5.14) 

Xl(s)=X2(s), £12(0) = X2l(l) = 0. 

Proof. Since U2{t) = p2(t)H(t)z2(t), we have 

1 

{U2it),y{t))dt = j {z2{t),p2{t)H^{t)y{t))dt. 

s 

Let X2{s) be a solution determined from system (15.14p . Multiplying both sides of equations f l5.14p by 
Z2{t) and integrating from s to 1, we obtain 

1 111 

J {z2,P2H'^y)dt = J {£2, Z2)dt - J {A1X2, Z2)dt + j {p2H^Hx2,Z2)dt, 



however, 

1 

(£'2, Z2)dt = - / {X2, Z'^)dt + (X2(l), 2:2(1)) - (X2(s), Z2{s)) 



1 1 

X2,A^Z2)dt - {x2,P2H'^Hz2)dt. 



Thus 

1 



Z2,P2H^y)dt = -(£2(5), ^2(5)). 



In a similar way, we can show that 



{ui,y)dt = J {zi,piH y)dt = {xi{s),zi{s)). 


The desired representation follows now from the latter relationship and the equalities xi(s) = X2{s), 
zi{s) - Z2{s) = b. □ 

Introduce functions pi{t), P2it), Xi{t)^ and Xi(t) as solutions to the initial value problems 

z[ = -Ajz, + H'^qlHp,, zn(0) = 0, 

4 = -A^Z2 + H^qlHp2, Z22(l) = 0, 

z^{s)-Z2{s) = h, (5.15) 
p\ = Aipi + Qizi, puiO) = 0, 
P2 = A1P2 + Q1Z2, P2i(l) = 0, 

Pi{s) =P2{s), 
x[ = Aixi + Qipi, £12(0) = 0, 

£'2 = A1X2 + Q1P2, X2l(l)=0, 

xi{s) = X2{s), (5.16) 
-p[ = Ajp^ + H''ql{y-Hxi), pii(O) = 0, 
-p'2 = AIp2 + H^qliy - Hx2), P22(l) = 0, 

Pl{s) =P2{s). 

The following statement is valid. 

Proposition 5.3. Let the set G have form 115. ?]) . The the minimax estimate admits the representation 

^ ^ s 1 

(M(?) = j {qlHp^,y)dt+ j iqlHp2,y)dt = (6,Xi(s)), (5.17) 

s 

where functions Pi , p2, and Xi are determined from the solution to equation systems ( (5. ( f5. 



The proof of this statement is similar to the proof of the corresponding assertion from Section 2.1. 
Write equations (15.16P in a detailed form, row by row, 

= PXu + Xii, Xi2(0) = 0, 

X'i2 = -PXl2 + Qpl2, X2l{l) = 0, 
= PX21 + X22, Xu{s) = X2l(s), 
£22 = -PX22 + QP22, Xi2{s) = X22{s), 

where Q = BQiB^ . Let us go back to equation (15. 6p . Since the equation for function V'(^) has the form 

v^'(t) = -p{t)m + B{t)f{t), m = 0, 

the Cauchy formula yields 

1 



ijil) = J ^l,t)B{t)f{t)dt = Vf, 







where t) is a solution to the equation 



ds 

= E. 

Below, we will study estimates of solutions to equation (15. 6p subject to the conditions v^i(l) = 0, 
V'(l) = Vf. Let the function f{t) belong to a bounded subset G of -^2(0, 1). 
Introduce functions Zi(t;u) and Z2{t;u) as solutions to the equations 

z[{-, u) = -A^zii-; + H^'ui, ^i(O) = 0, 

Z2{-;u) = -AJz2{-;u) + H'^U2, zi{s;u) - Z2{s;u) = b. (5.18) 

Proposition 5.4. Let zi(t;u) and Z2(t;u) be solutions to the equation system ^5.18\) . Then 

sup M{{b,x{s)) - (b^IiT)) f = sup I I (zi{t;u) + ^^{l,t)zi{l;u),B{t)f{t)) dt+ 
i&vJeG fee \ Jo ^ ^ 

+ (^Z2{t-u) + <i>^{l,t)z2{l]u),B{t)f{t)')dt~d] + q^\t){ui{t),ui{t))dt+ 



q^\t){u2{t),U2{t))dt. 

This statement can be easily proved using the methods set forth in Section 2.1. 
We will call minimax estimate (6, x{s)) U optimal if it has the form 

{b^)) = {u^{t),y{t))dt + {U2{t),y{t))dt + d, 
where functions Ui and U2 and number d are determined from the condition 

inf sup M f(6,x(s)) - (fi(s))V = sup M ( {b, x{s)) - {b^I{s)) 



and is a subset of 1^2(0, 1). 

Let the set U be given by W = {(ui,M2) : Z2(1;m) = 0}, and G is determined by formula (j5.7lj . 



Proposition 5.5. Assume that set U is not empty. Then d = 0, Ui{t) = qi{t)H{t)pi{t), and U2{t) = 
qi{t)H{t)p2{t), where pi{t) and p2{t) are determined from the solution to the equation system 

z[ = -A^zi + H'^ui, ;zi(0)=0, 

z'^ = -Ajz2 + H^U2, zi{s) - Z2{s) = b, 2:2(1) = 0, 
p[ = Aipi + QiZi, <t < s, 
P2 = A1P2 + Q1Z2, s<t<l, pi{s)=p2{s). (5.19) 

Proof. If set U is not empty, then from Proposition 4, it follows that for (mi,M2) G U, 

sup M((6, x{s)) - {bjff))y = 



sup 



1 



{z^{t-u),B{t)f{t))dt+ / {z2{t;u),B{t)f{t))dt-d 

J s 



2 



+ 



•1 

+ / q-{^{t){ui{t),Ui{t))dt+ I qf{t){u2{t),U2{t))dt = J{u,d). 

Jo J s 



Taking into account the definition of set G, we obtain 



J{u,d)= I {QiZi{-;u),Zi{-;u))dt+ I {QiZ2{-]u), Z2{-;u))dt+ 

Js 

1 



+ / q^\t){ui{t),ui{t))dt+ / q^\t){u2it),U2it))dt + d 

Jo Js 

This expression yields 

inf J{u,d) = inf J{u,0). 
It is easy to see that there exists a unique function u{t) = {ui(t),U2(tj) such that 

J(m,0)= inf J{u,0). 

u={ui,U2)£U 

Set Zi{t) := Zi{t; u) and 2:2 (t) := Z2{t; u). Finding conditional extremum of functional J(m, 0) we obtain 
that for the function u{t) at which the infimum is attained, the following equalities hold 

ui{t) = qi{t)H{t)pi{t), U2{t) = qi{t)H{t)p2{t), 

where piif) and P2{t) are determined from the solution to the equation system (I5.19p . The theorem is 
proved. □ 

Introduce functions pi(t), P2if)i Xiif)^ and X2{t) as solutions to the equation system 

-p\ = AlP, + qiH^{y{t) - Hx,{t)), p,{0) = 0, 

-p'^ = A^P2 + qiH^{y{t)-Hx2{t)), P2{1) = 0, p,{s)=p2{s), 
x[ = AiXi + QiPi, <t < s, 

x'2 = A1X2 + Q1P2, S < t < 1, Xi{s) = X2{s). 

Proposition 5.6. The minimax estimate admits the representation {b,x{s)) = (6, Xi(s)). 



Proof. Since Ui{s) — qi{t)H{t)pi{t), we have 

s s s 

J {ui, y)dt = j {qiHpi, y)dt = J (pi, qiH'^y)dt = 



s s s 

= - y {Pi,p'i)dt - J (pi, Ajp^)dt + J (pi, q^H^Hx^)dt = 



s s s 

= j {p'i,Pi)dt - J {Ajpi,pi)dt - + J (pi, qiH'^Hxi)dt = 







= J {zi,QiPi)dt - {pi{s),pi{s)) + J {pi,qiH'^Hxi)dt, 



s s 

J {zi, Qipi)dt = J {x[ - Aixi, zi)dt = 



s s 

- J{xi,z[ + A'^zi)dt + {xi{s), zi{s)) - JiPi, qiH^Hxi)dt. 



The latter relationships yield J{ui,y)dt = {xi{s), Zi{s)). 



In a similar manner, we can show that 



Therefore, 



1 

J {U2,y)dt^ -{x2{s),Z2{s)) = -{xi{s),Z2{s)). 

s 

s 1 

J {ui,y)dt + J {u2,y)dt^ {b,xi{s)), 





The proposition is proved. □ 

6 Minimax estimation of the solutions to the boundary value 
problems from point observations 

In this chapter we study minimax estimation problems in the case of point observations and propose 
constructive methods for obtaining minimax estimates. 

Let ti, i — 1, N he a given system of points on an interval (0, T). Set to — and t^^i — T. The 
problem is to estimate the expression 

n 

(a,(p(s))n^^aiipi{s), (6.1) 



from observations of the form 



(6.2) 



over the state (p of a system described by BVP Ol.ip . 01.20 in the class of estimates 



i,(p{s))n = '^{Ui,yi)n + c (6.3) 



i=l 



linear with respect to observations (16.21) : here s G (tig-i,tig), io G {1,...,A^ + 1}. The assumptions 
are as follow^ F = (/o,/i,/(-)) ^ ^) ^ •= i^i^ ■ ■ ■ j^n) G V, where are errors in estimations (16.21) 
that are realizations of random vectors C,i = G M" and V denotes the set of random elements 

^ = (^1, . . . ,^Ar) whose components C,i has integrable second moments MC,f, zero means M^j = 0,, and 
correlation matrices Ri = M^i^f satisfying the condition 



N 



J2SP[Q^R^] < 1, (6.4) 



i=l 



where Qi are positive definite n x n matrices, Sp-B denotes the trace of the matrix B = i.e., 

the quantity Yl\=i ^Hi ^ ^^'^ c G M. 
Set u := {ui,...,Un) G M^^". 
Definition. The estimate 



N 



i=l 



in which vectors Ui, and a number c are determined from the condition 



sup M|(a,v3(s))„ - (a, V9(s))„|^ inf , (6.5) 



where 

N 



.^is))n = ^iui,yi)n + c, (6.6) 



i=l 



y, = ^{ti) + f],, i = l,N, (6.7) 

and (pit) is the solution to the BVP 1^1. ( f i.^l) at f = f, fo = fo, and fi = fi, will be called the 
minimax estimate of expression ^6. 1\) . 
The quantity 

a:={ sup M\{a,^{s))n-{aMs))n?Y'^ (6.8) 

will be called the error of the minimax estimation of {a,(p{s))n- 

Let again to = 0, tjy+i = T, and s G (tjo-i? ^io), io = 1, N + 1. For any fixed u := {ui, . . . ,un) G M^^" 
introduce vector-functions Zi{-;u) G //^(to,ti)", Zig_i{-;u) G //""^(tjQ-i, tjg)", zl^^\-;u) G //^(tj(,, s)", 
4l\-'^'^) ^ H^{s,tioT, Zi,,+i{-;u) G i/^(ti„,tio+i)", 2;Ar+i(-;M) G if^(ti^, t^^+i)", as solution to the 



^Set G is defined by ^ 



following BVP 



L*zi{t;u) = 0, 0<t<ti, BoZi{0;u) = 0, 
L*Z2{t;u) = 0, ti<t<t2, Z2{ti; u) = zi{ti; u) + ui, 



L*Zi,,-i{t; u) = 0, ti„_2 <t <ti^ 

-1) ^«o — 1 

L*4l\t'^ = 0, <t < S, z'il\ti,^-i] U) = Zi^^i{ti^^i] U) + Ui^-i, 



u)=0, s<t< U,, zi;^'{s; u) = ^^^(s; u) - a, (6.9) 

* (2) 

L*Zig^i{t; u) =0, tig < t < tjo+i, Zio+i(tj(,; u) = z^^ [ti^] u) + Mjq, 



L*ZN{t; u) = 0, t/vT-i <t<tN, ZN{tN-i; u) = ZN~l{tN^i; U) + Mat-I, 
L*2;Ar+i(t; m) = 0, <t< t^+l, ZM+l{tN\ u) = ZNitN] u) + M^v, BiZ^+i^T; u) = 0. 

Using a reasoning similar to the proof of the unique solvability of BVP (12.101) . one can show that 
problem (16.91) is uniquely solvable. 

Lemma 6.1. Finding the minimax estimate of functional {a,ip{s)) is equivalent to the problem of 
optimal control of the system described by BVP h6.9i) with the cost function 



^+1 rU 

I{u) = ^ / {Q2^{t)zi{t;u),Zi{t;u))ndt 



+ I iQ2\t)z'il\t;u),zll\t;u)Ut+ r\Q~2\t)zf^{t-u),zfJ{t-u))ndt 



N 

+ iQo^BoZi{0;u),BoZi{0;u))rn + iQi^BiZ4{T;u),BiZ4{T;u))n-m + y^(^ inf . (6.10) 

4=1 

Proof. It is easy to see that the following equalities hold 

{Zi{ti.i;u),(p{ti^i))n- izi{ti;u),(p{ti))n+ / {zi{t;u),f{t))ndt = 0, (6.11) 

i = 1, . . . ,io - l,io + 1, . . . , N + 1, 

(4')(t,,_i;M),^(t,„_i))„ - {zl'J{s;u),ip{s))r. + j {zll\t; u) J {t)Ut = 0, (6.12) 

Mr... A r.f.W ^J2)., _x ^^ , (2), 



{zr,'{s;u),^is))n - «^(t.o;n),^(t,J)„ + / (z^J it;u)Jit))ndt = 0. (6.13) 

J s 

Using (ISID, ((63), and ([63]), we find 

N 

(a, <^(s))„ - (a, (p{s))n = {a, <^(s))„ - ^(wj, yi)n - c 

i=l 

N 

= U),<p{s))n - {zll\s; U),<p{s))n - ^ {Zi+l{ti] u) - Z^{ti- u),<p{ti))^ 

i=l,ijtio — l,io 

N 

- (^Zi^+liW^u) - 4f (^io;^i),^(^io)) ^ - (4l^(iio-i;«) - Zio^iiti^-i]u),<p{ti,^i)y^-^{Ui,^i)n - C, 

" " i=l 

(6.14) 



where the fourth or the third term on the right-hand side of f l6.14p should be taken equal to at, 
respectively, io = I or io = N + 1. 

Taking into account the latter, relationships (I6.1ip - (16.13p . and the equalities (see page [7]) 



we obtain 



where 



(zjv+i(T;m),(^(T))„ = (^BiZN+iiT;u),fi^ 
(a, <p{s))n - (a, ^{s))n = {zi{0; u), (^(0))„ - {zn+i{T; u), ^(T))„ 

+ {z{t;u)J{t))ndt-^{Ui,^i)n-C 

(BoZi{0;u)Jo) +/ {z{t;u)J{t))ndt- (BiZn+i{T;u)Ji) - e^)n - c, (6.15) 

''^ 1=1 

' Zi{t; u), to = <t < ti; 



z{t; u) = < 



Thus, 



inf sup 



F£G 



S t t^Q 5 
, ZN+l(t; U), tN <t < tN+1 = T. 

inf sup M[{a,ip{s))n - {a,ip{s))n]^ = 
{BoZi{0;u),fo)m+ / {z{t;u),f{t))ndt-{BiZN+i{T;u),fi)r 



+ supM 



N 



i=l 



(6.16) 



Calculating the supremum on the right-hand side of (I6.16p and taking into consideration (12. 3p and (16.41) . 
we find 

iiil' sup M[(a, (p{s))n - (a, <^(s))„]^ = I{u), 



cGRI 



fgG.ssv 



where I{u) is given by (16.10p . 



□ 



Starting from this lemma and applying the reasoning that led from Lemma [2TT] to Theorems 13.11 and 
13.21 we obtain the following results. 

Theorem 6.1. The minimax estimate of expression {a,(p{s)) has the form 

(a, ip{s))n = ^{Ui, yi)n + C, 
i=l 

where 



Ui = QiPi{ti), i = l,...,io-2,io + l,...,N, u^^_i = Q^^^ip\ \t,^^i), < = QioPL (^io). (6-17) 



^0 



r 



z(t) = <^ 



4"(«). 



to = <t <ti; 
iio~i < t < s; 



tiv <t <t 



N+1 



anc? vector-functions pi{t), Zi{t), i = 1,A^ + l,i ^ io, zlj{t), pl^ (t), zl^ (t), andp\J{t), are determined 
from the solution to the equation systems 



L*zi{t) = 0, < t < ti, 5o2i(0; u) = 0, 

L*Z2{t) =0, ti<t< t2, Z2{ti) = Zi{ti) + QlPl(tl), 
(t) = 0, tio„2 < t < tio (^i()-2) — ^10-2(^*0-2) + Qio-2Pio-2(tio~2), 



L*Z^(t) = 0, t,o_i < t < S, <^(t,„_i) = + Q^o-lP\''it^o-l) 



«0 



L*z^\t) = 0, s<t<t,„ z^^>{s) = zi;^>is)-a 



(2), 



L*Zig^i{t) — 0, < t < — 2:-„'*(tio) + QioPlJ {tio) 



L*ZN(t) — 0, tjy^i < t < tjy, Ziy(tN-l) — ^Af-l(^Af-l) + Q N-lPN-l(tN-l) , 
L*ZN+l(t) =0, tN <t < tN+1, ZN+l(tN) = ZNitN) + QNPN(tN), BiZN+liT; u) = 0. 

Lp,{t) = Q^\t)zi{t), 0<t<ti, Bop,{0) = Qo'BoZi{0), 

Lp2{t) =Q2\t)z2{t), ti<t<t2, P2{tl) =Pl{tl), 



Lpio-l{t) — Q2 ^{'t)Zio-l{t), tig-2 <t< tig-l, pj„_i(tjy_2) — Pio-2(^io-2), 
Lp^^it) = Q2\t)zl^it), <t<S, = P^o-liU,^l), 

Lpf^it) = Q2\t)z^\t), s<t< t,„ p^{s) = 

Lpio+l{t) = Q2\t)Zi,^+i{t), ti^<t< ti^+i, Pio+l{tio) = P^ifiUo), 



LpN(t) = Q2^(t)zN, tN-1 <t <tN, PN{tN-l) = PN-litN-l), 
LpN+l{t) = Q2'^(t)zN+l(t), tN <t <T, pN+l(tN) =PN{tN), BiPN+l(T) = -Q^^^ BiZn+i{T). (6.18) 

Here z,,p, G H\t,^,,t,r, t = l,N+l,t ^ to, zf^ ,pf^ G H\t,,,,,sY, and zf^ ,pf^ G ^^^^,^.0)" The 
minimax estimation error 

<y={a.pfj{s))]!'. (6.19) 

System 1^6. 18\) is uniquely solvable. 

Theorem 6.2. The following representation is valid 



where vector-functions (pi{t), i = 1, N + l,i io, (plj(t), 0\J{t) are determined from the solution to the 
equation systems 

L*pi{t) = 0, 0<t<ti, Bopi{0;u) = 0, 
L*p2(t) = 0, ti<t<t2, P2ih)=pi{ti)+Qi{ipi{ti)-yi), 



L*pll\t) = 0, <t<S, Av?(^io-l) = Pio-l(iio-l) + 4o-l('^!o^(^io-l) - Vio-l), 

L*pfjit) = 0, S<t<t,,„ p(f(,)=p«(,), 
L*Pio+l{t) =0, ti^<t< Pio+l(^io) = P!o^(^io) + Qioivf^iUo) -Vio), 



L*PN{t) = 0, tjv-i <t<tN, PN{tN-l) = PN-l{tN^l) + QN-l{VN-l{tN-l) - VN-i), 
L*pN+lit)=0, tN<t<tN+l, PN+l{tN) = pNitN) + QNi^NitN) - Vn), BipN+liT] u) = 0. 

Lif^it) = Q2\t)p^{t) + < t < ti, 5o<^i(0) = QtB^vM + /f, 

L^2{t)=Q2\t)P2{t) + f^^\t), t,<t<t2, (^2(tl) = <^l(tl), 



L^t\^) = Q2\t)p^it) + <t<s, = ^.0-1(^.0-1), 

L0lf{t) = Q,\t)p^;^\t) + f^'\t), s<t<t,„ ^S?(.)=^if(.), 



L(^iv(t) = Q2^{t)pNit) + <t <tN, <^7v(tiV-l) = <^Ar-l(tAr_l), 

Bi0N+i{T) = -Q^^BiPn+i{T) - /f \ (6.20) 

iJere pi = pi{-;uj),0i = 0i{-;uj) G if^(ti_i, t^)", i = 1, + 1, z 7^ io, = Pil\-'^^)^0t^ = ^ 
s)", p[f = plf{-;uj),0^-^^ = 0^-^^{-;uj) G H^{s,ti^Y, and equalities Ii6.20\) are fulfilled with 
probability 1. System ^6.20\) is uniquely solvable. 

7 Minimax estimation of functionals of solutions to boundary 
value problems for linear differential equations of order n 

In this chapter we propose a method for minimax estimation of parameters of general two-point EVPs 
for linear ordinary differential equations of order n; their solutions are determined to within functions 
that are solutions to the corresponding homogeneous problems and exist if the right-hand sides of the 
equations and boundary conditions entering the problem statement satisfy certain solvability conditions. 

7.1 Auxiliary results 

If Hq is a Hilbert space over C with the inner product (■, ■)ho and norm || ■ \\ho, then by Jhq ^ '^{Hq, H'q) 
we will denote an operator called isometric isomorphism; this operator acts from Hq on its conjugate 



space H'q and is defined by en equality {v, u)ho = < v, Jh^u >Hoxhi^ Vu, v E Hq, where < x, f >Hqxhi^ 
:= fix) for xeHo, f e H'^. 

Denote by L'^{a,b) the space of functions square integrable on (a, 6). For any n > 1 denote by 
W^(a, b) the space of functions absolutely continuous on [a, b] together with the derivatives up to order 
(n — 1) for which the derivative of order n that exists almost everywhere on (a, b) belongs to L^(a, b). 

Assume that functions Pi{t) defined on a closed interval [a, b] are such that p-" *■* G C[a, b], i = 0,n, 
and Poit) 7^ on [a, b]. Let functions ^p{t), belong to the space W^^(a, 6); define a differential operator L 
acting in L'^{a, b) by the formula 

Lipit) = Po(t)^^"n^) +Viit)ip'^'"'\t) + . . .+Vn{t)ip{t). 

Assume next that there are given a function / G L^{a,b) and numbers ttj, i = l,m. Consider the 
following BVP: find ip G VF^(a, b) that satisfies the equation 

Mt) = fit) (7.1) 
almost everywhere on (a, b) and the boundary conditions 



Bi{ip) =ai, i = l,m, (7.2) 

where 

n-l 

B,{^) = ^(a,,,(^(^')(a) + A,,<^(^'H&)), ^ = T^^, (7.3) 

j=0 

is a given system of m linearly independenjfl forms of 2n variables 

^(a),...,^("-^)(a),^(6),...,^('^-^)(6). (7.4) 

In order to describe right-hand sides / G L^{a,b) and a^, i = l,m, for which BVP (17.11) . (17.21) is 
solvable and also to formulate the results obtained in this work, it is necessary to introduce a prob- 
lem adjoint to (17.11) . (17.21) . To this end, complement m linearly independent forms Bi{{p), i = l,m, 
given by (|7.4I) by some linear forms Si{(p), . . . , S2n-m{.^) to a linearly independent system of 2n forms 
{Bi{ip), . . . , Bmi'p), Si{ip), . . . , S2n-m{f)} with rcspcct to the same variables. Denote by L"*" a differen- 
tial operator which is called formally adjoint to L; this operator is defined on functions from Vr^(a,6) 
and act in L'^{a,b) according to 

L^m = i-i)-{Mt)mY''^ + i-i)^''-'\^mY''-'^ + ■■■+ v^m)- 

Using Bi{ip), i = l,m, and Sj{ip), j = l,2n — m, one can construct systems of linear forms B^ijp), 
j = l,2n — m, and S^{ip), i = 1,711, with respect to variables i^ia), . . . , ip^"-~^\a), 'ip{b), . . . , ip^"-~^\b). 
The constructed forms possess the following properties: 

(i) system of forms {Si{'ip), . . . , S:^{ip), B^{ip), . . . , -B2n-m(^)} linearly independent; 

(ii) for any (p,ip E W^^(a, b) the Green formula is valid: 

m 2n—m „j 

Lif{t)mdt + J2BAv)StW= Yl S,{v)Bfi^)+ / ^{t)lAmdt. (7.5) 
Formulate a BVP: find a function ip ^ W2{cL,b) that satisfies the equation 

L^m = git) (7.6) 



This operator exists by the Riesz theorem. 

^It means that the rank of the matrix composed of the coefficients of these forms equals m. 



almost everywhere on (a, b) and the boundary conditions 



5+(V')=/3„ j = l,2n-m, (7.7) 



where g e L'^{a, b) is a given function and Pj, j = l,2n — m are given numbers. This problem will be 
called adjoint to BVP (TO . 

Problems ( 17. ip . ( 17. 2p and (17. 6p . (17. 7p give rise to operators As and defined on functions from 
W2{a, b) C L'^{a, b) according to 

Ab{^) = {Lip; . . . , BM}, (7.8) 

and 

A+^(^) = {L+^; i?+(^), . . . , i?2V^(^)}; (7.9) 

the operators act to the spaces H := L'^{a,b) x C" and H := L'^{a,b) x C^"-™^ respectively. From the 
results proved in |TT], it follows that 

1) Ab and A'^+ are Noether operators acting, respectively, from L'^{a,b) to if and H. Kernel 
N{Ab) of operator Ab has finite dimensionality n — r and coincides with the set N{Ab) = {^po G 
C"[a, fe] : Ly^o = on (a, 6), Bi{(po) = 0, i = l,m} of all solutions to homogeneous BVP ( 17. ip . ( 17. 2^ : 
kernel A^(y4^+) of operator has dimensionality m — r and coincides with the set N{A'^+) = {ipo G 
C"[a, 6] : L^^ipo = on (a, 6), B^{iPq) = 0, j = 1, 2n — m} of all solutions to homogeneous BVP (I7.6p . 
(17.71) : number r is the rank of the matrix 

/ 5i(yi) B,{y2) ... Biivn) \ 
B2{yi) B2{y2) ... B2{yn) 

\ BmiVl) Bmiy2) ■ ■ ■ BmiVn) J 

and yi{t), . . . ,ynit) is a fundamental system of solutions to homogeneous equation (I7.ip . 

2) BVP (O), (Tf^ is solvable for given / e ^^(a, 6), G C, z = l,m, if and only if the solvability 
condition 

/b ™ 
f{t)Mt)dt + J2(^^s+{^o) = o V^oeiV(A++) (7.10) 
i=l 

holds. If ip{t) is a solution to (17.11) . (17.21) . then ip(t) + ipo{t) is also a solution for any foit) G N{Ab). 

3) BVP (EED, (O) is solvable for given g G L^(a,6), /?j e C, j = l,2n-m, if and only if the 
solvability condition 

/)} 2n—m 
g{t)^dt + I^M^ = V<^o G iV(AB) (7.11) 
j=i 

holds. If ip{t) is a solution to (17. 6p . (17. 7p . then ■?/'(t) + '?/'o(^) is also a solution for any ipoif) G N{A'^+). 

Let (y9i(t), . . . , y9„_r(t) and (t) , . . . , ipm-rit) denote in what follows bases of null-spaces N{Ab) and 
N{A'^+) of operators Ab and respectively. 

7.2 Statement of the estimation problem 

An estimation problem can be formulated as follows: to find the optimal (in a certain sense) estimate 
of the value of the functional 



= / k{t)v{t)dt (7.12) 



^Recall that A is a Noether operator if the dimensionaUty of its kernel N{A) is finite and its image R{A) is closed and 
has a finite codimensionality; then its index xa = dim Af(A) — codimi?(yl). 



from observations of the form 

y = Cip + r] (7.13) 

in the class of estimates 

l{^) = {y,u)H, + c, (7.14) 

linear with respect to observations; here ^{x) is a solution to BVP (17.10 . u is an element of Hilbert 
spac^ i^O; c G C, and /q ^ L'^{a,b) is a given function. It is assumed that right-hand sides f{t), 
«!, . . . , ctn in (17.11) . (17. 2p and errors ?7 = rj^u) in observations (17.131) that are random elements defined 
on a probability space (f2, i3, P) with values in i^o are not known and it is known only that the element 
F ■= (/(■),«) e Go and r] e Gi. Here ip{x) is a solution to BVP dLll), ((Tj); C G C{L'^{a,b), Hq) is a 
linear continuous operator such that its restriction on subspace N{Ab) is injective; a := (cti, . . . , Om)^ 
G is a vector with components ai, . . . , am] Go denotes the set of elements 

F := (/(■), 5) = (/(■), («i, . . . , &mf) G L\a, b) x C"^, 

satisfying the condition 

/ /(t)^dt + 5^a,5+(^o) = V^oGiV(^^+) (7.15) 

and the inequality 



Qiht) - f'\mf{t) - /(o)(t)) rft + (gi(5 - a(°)), 5 - aW)c"^ < 1, (7.16) 

in which (■, ■)c'" is the inner product in C", element (/*^°^(-), a'^^-') = (/*^°^(-), (a;[°'',..., ctm"*)^) 
G L^(a, 6) X C™ and satisfies (17.15^ . and Gi is a set of random elements fj = fj{ijj) defined on a 
probability space {VL.B.P) with values in i^o, zero means, and finite second moments M||f/||^ < oo 
satisfying 

M(Qo^,^)ho<1, (7.17) 

where Q and Qo are Hermitian operators in L'^{a,b) and Ho, respectively, Qi is a Hermitian m x m 
matrix for which there exist, respectively, bounded inverse operators and Qq^, and inverse matrix 

Proposition 7.1. An estimate 

Kv) = {y,u)Ho + c 

for which an element u and a constant c are determined from the condition 

a{u,c):= sup M\l{<p) - ^ inf := a^ 

where 

({^) = {y,u)Ho + c, (7.18) 

y = Gip + f/, and (p is any solution to BVP ( 17. ip . (17.21 ) at f(t) = f(t), ai = ai,i = l,m, will be called 
a minimax estimate ofl{(p). 
The quantity 

a= sup {M|/((^) -/(^)|2}i/2 
will be called the minimax estimation error ofl{(p). 



^If Hq is a finite-dimensional space then it is assumed that dim Hq > n — r. 



7.3 Representations for minimax estimates of the values of functionals from 
solutions and estimation errors 

Using the statements formulated in Section 2.1, we arrive at the following results. 

Lemma 7.1. Finding a minimax estimate of the value of functional l{ip) is equivalent to the problem 
of optimal control of the integro- differential equation system 

L^z{t;u) = lo{t) -C*JhoU na (a, 6), (7.19) 

Bl{z{-,u)) = (j = l,...,2n-m), (7.20) 



Q-^z{t;u)^i{t)dt + {QY^S+{z{-,u)),S+{^i))c^=0, 2 = l,m-r, (7.21) 
with the cost function 



I{u)= / Q-^z{t-u)z{t-u)dt+{Q^^S+{z{--u)),S+{z{--u)))c^ 



+ (QoVm)ho^ inf, (7.22) 



where 



U = {ueHo: I {lo{t)-{C*JHoUm)Mt)dt = E N{Ab)}, 

J a 

C* : H'q ^ L2{a,b) is the operator adjoint to C defined by the relationship 

< Cv,w >HoxHi^= / v{x)C*w{x)dt Vf GL^(a,6), w E Hq, 

J a 

1 = (/i, . . . , ImV, S+(z(-; u)) := {Stizi-; n)), . . . , S+{z{-, u))f and S+(^,) := jStm, • • • , ^+(^^))^ e 
are vectors with components, respectively, Ij, Sj~{z{-;u)), and Sj~{ilJi), j = l,m. 

Proof. Show first that set U is nonempty. Indeed, it is easy to see that U is the meet of n — r 
hypersurfaces 

{dp,, u)ho = li (7.23) 

in space Hq, where 7^ = J^^ (pi{t)lo{t) dt and ^i{t), z = 1, . . . , — r, is a basis of subspace N{Ab). 

Denote by spanjCyji, . . . , dpn-r} a subspace in Hq spanned over vectors dpi, . . . , dpn-r and prove 
that there is one and only one element Uq G span{C<pi, . . . , C(pn-r} that belongs to set U. To this end, 
representing Uq as Uq = Yl^Zl PjC'Pj, where Pj G C, and substituting this into (I7.23p . we see that Uq 
belongs to U if and only if the linear equation system 

n—r 

^(3j{Cipi,C(pj)Ho = z = l,...,n-r, (7.24) 

i=i 

with respect to unknowns Pj is solvable. Indeed, operator C is injective on N{Ab); therefore, dpj, 
j = 1, . . . ,n — r, are linearly independent and det{{C{pi,C{pj)Ho}^jZi 7^ 0, so that system (17.241) has 
unique solution f3i, . . . ,(3n-r- Consequently, the element Mq = J2^Zi Pj^fj, belongs, as well as Uq + u-^ 
for any E Hq Q spanjCy^i, . . . , C(pn-r}, to set U. Thus U 

Next, let us show that for every fixed u E U, function z{t; u) can be uniquely determined from 
equalities f l7.19p -( l7.2ip . Indeed, the condition u E U coincides, according to f l7.1ip . with the solvability 



condition for problem f l7.19l) - (17.20p . Let Zo{t; u) G W2"(a, h) be a solution to this problem, e.g. a solution 
that is orthogonal to subspace N{A^+)] then the function 

m—r 

z{t- u) := Zo{t; m) + J] Ciipi{t), (7.25) 
1=1 

also satisfies (I7.19l) - (l7.20p for any q, G C^, i = 1, m — r. Let us prove that coefficients q, z = 1, m — r, 
can be chosen so that this function would also satisfy (I7.2ip . Substituting expression (17.251) for z{u) 
into ( I7.2ip we obtain a system of m — r linear algebraic equations with m — r unknowns Ci, . . . , Cm-r '■ 

m—r 

^ ttijCi = bj{u), j = l,...,m-r, (7.26) 

2=1 

where 

aij = i^j)LHa,b) + (Qr'S+(V'i), S+(V'i))c™, (7.27) 



bj = - Q-'zo{t;u)^,{t)dt-{Q^'S+{zo{-,u)),S+{^j))crr^. (7.28) 



Show that matrix [aij]^ Ji of system ( 17. 26^ ;i,o;i,aTHO BHSHaHena. Indeed, taking into account that Q ^ 
is a Hermitian positive definite operator in L'^{a,b) and Q^^ is a Hermitian positive definite m x m 
matrix, we have 

m—r m—r m—r m—r 

i=l j=l i=l j=l 



m—r m—r 



i=l j=l i=l 

for any Xi, i = 1, . . . , m — r, such that ^^^"^ |Ajp 7^ 0. The latter implies that matrix positive 
definite. Thus, det[aij] 7^ and system (17.26^ has unique solution, ci, . . . ,Cm-r- Therefore, problem 
( I7.19p -( !7.2ip is uniquely solvable. Indeed, we have shown that there exists a solution to problem 
( I7.19p -( !7.2ip : let us prove that this solution is unique. Assume that there are two solutions to this 
problem, Zi{t) and Z2(t). Then 

L^Zi{t;u) = loit)-C*JHoU on (a, 6), (7.29) 



Bl{zi{-,u)) = j = l,2n-m, (7.30) 

[ Q-hiit;u)'^dt+iQi'S+iz,i-,u)),S+i^Pi))cr^ = 0, t = l,m-r, (7.31) 

J a 

L+Z2{t;u) = lo{t) -C*JhoU on (a, 6), (7.32) 

BUz2i-, u)) = j = l,2n-m, (7.33) 



Q-'z2{t;u)'^dt+{Q^^S+{z2{-,u)),S+iilJi))c^ = 0, i = l,m-r, (7.34) 
Subtract ((L32D-(lL34l) from equalities d7:29D - d73Tll to obtain 

L+{zi{t;u) - Z2{t;u)) =0, (7.35) 



Bnzi{-,u)-Z2{-,u))=0 j = l,2n-m, (7.36) 



Q-^(2i(t; n) - Z2{t; u))ij,{t)dt + (Qr'S+(zi(t; u) - Z2{-, n)), S+(^i))c- = 0, (7.37) 



Set z{t; u) = Zi{t; u) — Z2{t; u); then 



L+z{t;u) = 0, 



Bj{z{-;u)) =0 j = l,2n-m, 



Q-^z{t; u)i)i{t)dt + (gr'S+(2;(-; m)), S+(7/;,))c- = 0, i = 1, m - r. 
Since z{t; u) solves homogeneous problem f l7.19l) - (17.20p . this function has the form 



(7.38) 
(7.39) 

(7.40) 



(7.41) 



i=l 



Substituting ( 17.4ip into ( 17.40p we obtain 



m—r / „^ m—r 

/ g-V^(t)V^t^t + $^(gr's+(^.),s+(v^,) 

1=1 V'^ i=i 



0, j = l,m — r, 



or, in line with f l7.27p . 



^Ciaij=0, j = l,m-r. 



(7.42) 



(7.43) 



We see that coefficients q satisfy a linear homogeneous algebraic equation system with nonsingular 
matrix [aij]^j^i', therefore, this system has only the trivial solution Cj = 0, z = 1, m — r. 

By virtue of (I7.4ip . z(t; u) = Zi(t; u) —Z2(t; u) = identically, that is, Zi(t; u) = Z2{t; u) which proves 
the unique solvability of problem (17. 191) . (17.200 . 

Next, since any solution (p of problem (17. ip . (17. 2p can be written as <^ = <^_l + </?05 where (pQ G N{Ab) 
and (p±_ is the unique solution to this problem orthogonal to subspace N{Ab), we have 



sup M\1{lp) - l{ip)\^ = sup sup M\l{(p^ + Lfo) -1{lp^ + lpq)\^. 
Taking into account (17.120 . ( I7.18p . and the fact that 

l{ip) =1{<P^ + (^o) = (C((^_L + V^o), u)ho + [fj, u)ho + C 

= < C{(p_L + ipo), JhoU >HoxH'g +iV, u)ho + C 

h 

{^^{t) + ipo{t))C*JH,u{t) dt + {fj, u)ho + C 



(7.44) 



I ip±it)C*JHouit) dt + / ipoit)C*JHMt) dt + iv, u)ho + c, 

a J a 



for arbitrary u & Hq, we have 



l{ip)-l{ip)= / ^±it)iloit)-C*JHoUit))dt+ ipoit)iloit)-C*JHMt)dt-iv,u)Ho-C. 
J a J a 

From the latter equality we obtain, taking into consideration the relationship = M|^— M^p = M^f — 
{M^iY + ~ (^^2)^ that couples dispersion of a complex-valued random quantity ^ = ^1 + 
and its expectation = M^i + iM^2, 



sup M 



sup 



vdt)it){k{t)-C*JH,u{t))dt 



+ / Mt)iioit) - C*JHMt)) dt - c 



M\{fj,u: 



(7.45) 



Since function foit) under the integral sign may be an arbitrary element of space N{Ab), the quantity 



sup M 



will be finite if and only if m G f/, i.e. if the second integral on the right-hand side of (17. 45^ vanishes. 
Assuming now that u & U and using f l7.19p -f F7.2ip and fl7.5p . we obtain 



'f±{t){lo{t) -C*JHoU{t))dt-c= / ip±{t)L+z{t;u)dt-c 

J a 

J<^ 7 = 1 



'Uz{-]u))-c 



f{t)z{t; u)dt + J2 c^jS+{z{-; u)) - c 

.7=1 



Making use of the latter result together with fl7.44p and fl7.45p . we find 



^m2 



inf sup M\l{(p) - 



inf sup 



cec 



FeGo 



if, u))L^a,b) + (a, S+(^(-; u)))c 



m — C 



+ sup M\{r],u)Ho\^- 

veGi 



(7.46) 



To calculate the first term on the right-hand side of fl7.46p we apply the generalized Cauchy-Bunyakovsky 
inequality f l7.16p : 



inf sup 



(/, M))L2(„_fe) + (a, S+(z(-; u)))c™ - c 



inf sup 



{z{-; u),f - fo)L^a,b) + (S+(z(-; u)),a- aW)^" 

+ (/o, z{-'^ u))L2(^a,b) + (tt^°\ S+(z(-; m)))c™ - 



< { {Q~h{-, u), z{-, u))ma,b) + {Q^\S+{z{-, u))), S+{z{-, u)))c^} 

X {(Q(/ - /(°)), / - f^'^)LHa,b) + (Qi(« - «(°)), 5 - a(°))c"^ } 

< {Q-^i-; u), z(-; u))L2^a,b) + {Qi\S+{z{-, u))), S+(^(-; u)))c^. (7.47) 
Performing direct substitution it is easy to check that inequality fl7.47p turns to equality at the element 
F =(/(■),«) =FW := (/(o)(-),a(o)) = (/»(■), (4°\ ••• , )'^) e ^'(^,6) x C™, where 



«r := ^S+(2(-; M))i + af^\i = 1, m, 



{{Q-'z{-, u), u))L2^a,b) + (Qr'S+(z(-; u)), S+(^(-; u)))cr 



1/2 



and Q^^{S+{z{-]u)))j is the jth component of vector Q^\S+{z{-]u))) e C™. Element G Go 
because, obviously, condition ( 17.16p is fulfilled; in addition, 

m 
1=1 

Q-'z{-, u), z{-, u))L^a,b) + {Q^\S^{z{-, u))), S+(^(-; u)))c ' 

m 



i=l 

m 



which yields, by virtue of (17.211) . the validity of condition (17.151) . Therefore, 



inf sup 



(/, z{-] u))L2(a,b) + (a, S+(2;(-; m)))c- - c 



g-^^(t; + iQ^\S+iz{-, u))), S+(z(-; m)))c- (7.48) 

at c = j'^J{t^f^\t)dt + (aW, S+(z(-; u)))c™. 

In order to calculate the second term in ( 17.46^ , note that from the Cauchy-Bunyakovsky inequality 
f lTTTll it follows that 

\{u,fl)H^^ < {Qo^U,u)Ho{QoV,f])Ho, 

which yields 

sup M\{u,fi)Ho\'^ < {Qo^U,u)ho- 



We have 



M|(m,77(°))hoI' = (QoVm)ho 

where 77*^°^ = uQq^u[{Qq^u,u)h(]~^^'^ G Gi and z/ is a random quantity with Mu = and M|i/p = 1. 
Therefore 

sup M|(m, 77)^0!^ = {Qo\u)ho- (7.49) 

Now the statement of Lemma 2.1 follows directly from relationships (17.461) . (I7.48p . and (I7.49p . □ 
Theorem 7.1. The minimax estimate of l{(p) can be represented as 

/V) = (y, u)h„ + c, (7.50) 

where 



W)f'\t)dt + J2Sti^hf^ (7.51) 
i=i 

and functions p{t) and z{t) are determined from the integro- differential equation system 

L+z{t) = h{t)-C*JH,QoCp{t) on {a,b), (7.52) 



B]-{z) = 0, j = l,2n-m, (7.53) 



f g-i^(t)V'i(t)o?t + (Qr'S+(2),S+(^,))c- = 0, z = l,m-r, (7.54) 

J a 

Lp{t) = Q~^z{t) on {a,b), (7.55) 

B,{p) = Q^'S+iz)„ j=T;^, (7.56) 

[ (/o(t) - C*JHoQoCpit))'^dt = 0,1 = l,n-r, (7.57) 

J a 



where S^{z)j denotes the jth component of vector Qi S^{z) G C". Problem ()7.52p - ()7.57l) 
uniquely solvable. Estimation error a is determined by a = l{p) 



IS 



1/2 



Proof. Let us prove that the solution to the optimal control problem (17.19l) - (17.22l) can be reduced to 
the solution of system f l7.52p -( r7.57p . Show first that there exists one and only one element n G f/ at 
which the minimum of functional (I7.22P is attained: I{u) = inf^gf/ J(m). 

For an arbitrary u eU u = u + v where u is a fixed element of U and v = u — u belongs to the 
linear subspace V := {w E Hq : J C* JHoW(t){po{t)dt = W(po G N{Ab)} of Hq. Let z{t;u) be the 
unique solution to the problem 

L-^z{t]u) = k{t)-C\JHoU{t) on (a, 6), (7.58) 

Bj{z{-; u)) =0 i = l,2n-m, (7.59) 



Q-^2(t;M)V'i(t)c/t+(Qr'S+(2(-;u)),S+(V'^))c™ =0, 2 = l,m-r, (7.60) 
and z{t; v) the unique solution to the problem^ 

L-^{t)z{t]v) = -C*Jh^,v on (a, 6), (7.61) 

B+{i{--v))=0 (j = l,...,2n-m), (7.62) 



Q-^5(t;t;)^,(t)rft+(g-^S+(i(-;t;)),S+(^,))c- = 0, i = l,m-r. (7.63) 

Solution z{t; u) of BVP (17.19p - (17.22p can be represented in the form 

z{t-u)=z{t]u) + z{t;v); (7.64) 

here if v is an arbitrary element of space V, then u = u + v can be an arbitrary element of U. Indeed, 
adding termwise equalities fl7.58l) - (l7.60p to the corresponding equalities (|7.6ip - (l7.63l) we obtain 

L+(z(t; u) + ~z{t- v)) = lo{t) - C*JHo{u{t) + v{t)) = k{t) - C*JH,u{t) on (a, 6), 
Bj{z{--u) + z{--v))=0 j = l,2n-m, 



Q-'iz{t; u) + z{t; v))^^{t)dt + {Q^\S+{z{-- u) + z(-; v)), S+(^,))c- = 0, i = 1, m - r. 

Equating these equalities with the corresponding ones from f l7.19p -( f7.2ip we prove, taking into account 
the unique solvability of problem (I7.19l) - (|7.2ip proved on page[47l the required representation of solution 
in the form fl7.64p . 

Prove that the solution to BVP (|7.6ip - (l7.63l) is continuously dependent on v E V. Consider first 
operator Ab defined by 07. SP ; from Green's formula ( 17. 5p and the reasoning similar to that on pp. 90-91 
in [H], it follows that the image Vi^A^^) of operator A*^ adjoint to Ab, is formed by elements of the 



^Existence and uniqueness of solution to this problem follows from the condition v & V and the reasoning that is used 
in the proof of the unique solvability of problem (|7.58p - (|7.60p . 



form {g{t), {S^{g), . . . , S:^{g))'^), where g is an arbitrary function from W2{a, b) satisfying the boundary 
conditions 

Blig) = J = l,...,2n-m, (7.65) 
and the operator A*^ : L^(a, b) x L'^{a, b) acts according to 



A%{g{t),iStig),...,S:^ig)f) = L^g. 



(7.66) 



Note that A*^ is a Noether operator because it is adjoint to a Noether one, Ab; therefore, is a closed 
operator and the equations 



(7.67) 



are normally solvable (that is, R{A*q) = R{A*q)). In line with (I7.65p and (17.660 . the latter equation 
is equivalent to BVP (I7.6ip - (l7.62p . Using this fact and applying Theorem 2.3 from [llj^ to equation 
(I7.67P we obtain that for every v & V there is a solution zo(t;v) G W2{a,b) of problem (I7.6ip - (I7.62I) 
such that 

II {zo{-; V), {St{zo{-; V)),..., S^{zo{-; v))f) \\L^a,b)xC^ 

< ai||L+Zo(-;^)l|L2(a,fe) = 0'l\\C*JHoV\\L\a,b) < a\\v\\Ho, 



or, equivalently. 



/ \zo{t;v)\^dt + J2\St{U-y 
J"- i=i 



1/2 



< a||f I 



(7.68) 



where a and ai are constants independent of v. 

Proceeding similarly to the proof on p. [47l we conclude that the unique solution z{t] v) to BVP 
(I7.6ip -( r7.63p can be represented in the form 

m—r 

z{t;v) = Zo{t;v) + Y,cMt), (7.69) 
where the coefficients q = Ci{v) G C are uniquely determined from the linear algebraic equation system 

m—r 

2^ aijd = bj{v), j = l,...,m-r (7.70) 

by the formulas 



i=l 



dijv) 

d ' 



(7.71) 



where 



d 



ai,2 



0,1,1 



^i— l,m— r '^i,m—T Oi+l,m—r 



"va—r^m—r 



^Formulate this theorem. 
TeopeMa. The equation 



Ax ~ y 



with a closed operator A acting from a Hilhert space E to a Hilhert space F is normally solvable (i.e. R{A) = R{A)) if 
and only if for every y G RiA) there is an x E 'D{A) such that y — Ax and \\x\\ < k\\Ax\\ — k\\y\\ where k > and is 
independent of y ^ R{A). 



di{v) 



ai,i 
ai,2 



ai_i_i bi{v) Oi+i,! 
ai-1,2 b2{v) ai+i_2 



"m— r,m— r 



'^l,r?i— r ' ' ' ^i—l,m—T ^m—ri^^^ ^i+l,in—r ' ' ' ^r. 

elements a, j, i, j = 1, . . . , m — r, of positive definite matrix [ determined from (17.271) . and 



Expanding determinant di{v) entering the right-hand side of (I7.7ip in elements of the ith column, 
we have 

Ci{v) = l?bi{v) + -fi'^b2{v) H h -fl^_rb^-r{v), i = 1, • • • ,m - r, 



here 



7]' = —, i,j = l...,m-r, 



are constants independent of where Aji is the algebraic complement of the element of the ith column 
that enters the jth row of determinant di{v) which is independent of v. Applying the generalized 
Cauchy-Bunyakovsky inequality to the representation for we obtain 

m~r m—r „fc 

h{v)\ < l7f ll&.(^)l = E l^f I / Q~'Ut;v)mdt 



+ (Qr'S+(zo(-;^)),S+(^,))c"^| < 



Zoit;v)zoit; v) dt 

1/2 



A, 



1/2 



Q-^So{t; v)zo{t- v) rft+(gr S+(5o(-; v)), S+(5o(-; v)))c 



1/2 



(7.72) 



where 



.7 = 1 •^'^ 



1/2 



i = 1, m — r, 



are constants independent of v. Next, taking into consideration the following estimate obtained with 
the help of the Cauchy-Bunyakovsky inequality and (17.681) 

1/2 



Q'^Ut; v)~zo{t] v) dt+{Q^^S+{So{-, v)), S+(5o(-; v)))c 

< i\\Q~'U--,y)\\L^ia,b)\\U--,y)\\LHa,b) + \\Ql^^^ 

<(IIQ-NlPo(-;t;)||i.(.,,) + ||Qr^||||S+(zo(-;t;))||^.)i/2 

,.6 m 



< 



1/2 



i=l 



<amax{||g-i||VM|g-i||V2}||^||^^^ 
where constant a enters the right-hand side of (I7.68p . 



(7.73) 



Estimates f l7.72p and f l7.73p yield the inequality 

\ci{v)\ < Ci\\v\\Ha, i = l,...,m-r, (7.74) 

where Cj = y4jamax{||(5"^||^/^, are constants independent of w. 

Using inequalities (I7774D . (ITMD and representation (17:6911 of solution to BVP ^^-^Mil 

we will prove that this solution satisfies the inequality 

|z(t;t;)rcit + X:i5.+ (5(-;^;))rj <i^||t;||?,„, (7.75) 

where K is a constant independent of v. Taking into notice the inequality \\a + 6|p < 2(||ap + ||6||^) 
which is valid for any elements a and b from a normed space, we have 

pb m „b 

/ \z{t;v)\'dt + J2\SH~4-,v))\'= \z{t;v)\'dt+\\S+{z{.;vml^ 

J a ■_i J a 



\zo{t; v) + Yl Ci{v)Mt)\''dt + l|S+(zo(-; v) + Yl 

i=l i=l 

/ \~zoit;v)\'dt+j2\^^i^)\' / mt)\'dt 

Ja .^^ Ja 

(m—r 
\\s^{z,{■■,v)\\l^ + Y,\c^{vm^^{ml 
i=i 

(pb m 
/ \zo{t;v)\'dt + J2\St{U-,v))\ 
i=l 

+2^; iQ(^or ( ri^.wrrfi+ iis+(^.)ii^, 
i=i 

m-r ^ pb s 

m-r , pb 

K = 2a' + 2J2C!( mt)\'dt+\\S+m\\l 
i=i ^-^'^ 

Thus, inequality (17.750 is proved. 

Reduce now the minimization of functional I{u) on set U to the problem of finding the minimum 
of the functional 

Iv{v) := I{u + v) 

on a linear subspace V of space Hq. To this end, make use of representation (I7.64p for z(t; u) and write 
I{u) in the form 



2 

Ho' 



where 



I{u) = / Q~^z{t; u)z{t; u)dt + (gr^S+(2(-; u)), S+(z(-; m))c™ + {Qo^u, u)ho 



Q~^{z{t; u) + z{t] v)){z{t; u) + z(t; ti))(ii 



+ {Q^\S+{z{-, u)) + z{-, v)), S+(z(-; u) + z{-, v)))c^ + {Qq\u + v),u + v)h. 



+ I Q'^z{t; v)z{t; v)dt + (Qr'S+(5(-; v)), S+(i(-; v)))c^ + {Q^^v, v)h, 

fb 



a 



+2Re / Q-'z(t;t;)z(t;n)rft + 2Re(Qr S+(5(-;t;)),S+(2(-;u)))c- 

J a 

+ 2Re{Q^^v,u)H^ = Iiu)+iiv)+2ReL{v), (7.76) 
where, by virtue of estimate f l7.75p . 



Iiv)= / Q-'zit;v)z{t;v)dt + {Q^'S+Cz{-,v)),S+i2{-,v)))c'^ + iQo'v,v)H, (7.77) 



is a quadratic functional in V associated with the semi-bilinear continuous Hermitian form 



6 



7r{v,w)= / Q-^z{t;v)z{t;w)dt+{Q^^S+{z{-,v)),S+{z{-,w)))cm + {Qo^v,w)h, (7.78) 



on V X V; the functional satisfies the inequality 

/(f) > c||^;||^^, Wv eV, c = const, (7.79) 

and 



L{v) = / Q-^z{t; v)z{t; u)dt+{Q^'S+{zi-, v)), S+{z{-, u)))cr- + {Q^'v, u)h, (7.80) 



is a linear continuous functional in V. 

Prove, for example, the continuity of form (I7.78p . that is, the inequality 

7r(t>, w) < c||f Ilii/Q Wv,weV, c = const (7.81) 

(the continuity of linear functional L{v) can be proved in a similar manner). Using estimate (I7.75P and 
the Cauchy-Bunyakovsky inequality, we have 

k(f,uO|<(/ Q~^z{t;v)z{t;v)dt\ ( Q~^z{t;w)z{t;w)dt\ 

+ (gr'S+(f (■; f )), S+(z(-; v)))l!^ (Qr^S+(i(-; w)), S+(5(-; w)))l!^ 



<{ / Q-'z{t;v)z{t;v)dt+{Q^'S+{z{-,v)),S+{z{-,v)))cr^ + iQ^'v,v)H, 



a 



1/2 



^ 1/2 

x( / Q-^z{t-w)z{t;w)dt + {Q^^S+{z{-;w)),S+{z{--,w)))cr^ + {QQ^w,w)Ho^ 



< 



\Q-^z{t;v)\'^dt] ( / \z{t;v)\'^dt] 



a 



J \J a / 

+ ||gr'S+(5(-;f))||c'«||S+(5(-;f))||c™ + WQtAWMu,)^ 



1/2 



b \ 1/2 / 

izr^. „..m2. 



X { / \Q-^z{t;w)\'dt 



z{t;w)\'^dt 



1/2 



+ ||Qr'S+(z(-;ti;))||c"^||S+(5(-;ti;))||c™ + llQo'^bolkllHo| 



1/2 



<max{||g-i,||grl,lia 



1/2 



|5(t;t;)prft+||S+(5(-;t;))||^™ + ||t;||^„ 

1/2 



x{ I \zit;w)\''dt+\\S^{2i-,w))\\l^ + \\w\\j,^ 



< c\\v\\ho\\w\\ho, 



where 



c = max{||g-i||,||gr^||,||go-^||}(ir + i). 

Thus, we have proved inequality fl7.8ip and consequently the continuity of form (17.781) . 

Taking into consideration the continuity of (17. 78^ and Remark 1.1 to Theorem 1.1 from we see 
that there exists the unique element v E V (dependent on u) such that 

/y(-O) = inf Iv{v),= inf I{u + v) = inf I{u) = inf I{u) = inf I{u). 

Setting u = u + V and using the equality 

Iv{v) = I{u + v) = I{u) 

we conclude that there exists one and only one element u = u + v, u ^ U, such that functional I{u) 
attaints the minimum at m G f/. Therefore, for any t G R and v G V, 



— i (m + TV , 

ar 



= and ^/(m + irv] 
T=o dr 



0, 



r=0 



(7.82) 



where i = -\/— T. Since z(t;u + tv) = z(t;u) + Tz{t;v), where z{t]v) is the unique solution to BVP 
(rrT9ll - (rr2Tll at « = ^ and Iq = 0, from the first relationship d7\82ll we obtain 

= lim ^1 {Q'^z{-; u + Tv), z{-; u + Tv))L2(^a,b) - {Q'^z{-] u), z{-; u))L^{a,b) 
+ [{Q^\S+{z{-- u + TV))), S+(^(-; u + Tv)))c^-{Q-\S+{z{-- n))), S+(^(-; u)))v 

+ [Qo^{u + rv),u + Tv)H,, - {Qq^u,u)hS\ 

= Re{{Q-h{-,u),z{-,v))L2^a,b) + {Q^\S+{z{-,u))),S+{z{-,v)))c^ + {Q^%v)ho} 
Similarly, taking into account that z(t; u + irv) = z(t; u) + irzit; v), 

Id 

= --^I{u + iTv)\r=o 



Im{(g ^z{-; u), z{-; v))L2(a,b) + {Qi ^(S+(2;(-; u))), S+(2;(-; v)))c^ + {Qo ^u, v)ho}, 



which yields 



{Q-'z{--u),~z{-,v))L^i^a,b) + ^gr'(S+(^(-;M))),-S+(5(-;t;)) + {Q^%v)h, = 0. (7.83) 



Let pit) be a solution to the BVFH^ 

Lp{t) =Q-^z{t;u) on (a, 6), (7.84) 

i?,(p) = gr'(S+(^(-,M)))„ J=T;^. (7.85) 

Then the sum of the first two terms on the left-hand side of (17.831) can be written, in view of Green's 
formula (17.51) . in the form 



(Q-hi-; u), ~zi-, v))L^a,b) + Qr'(S+(^(-; «))),S;(z(-; v)) 

i=i 

= / Lp{t)z{t;v)dt + YBj{p)Sj{z{-;v)) = / p{t)L+z{t;v) dt 

J a J a 

= - p{t)C*JHoV{t) dt= - < Cp, JhqV >Hoy.W^= -{Cp,v)ho- 
J a 

From the latter equality and formula (17.83^ . it follows that for any v 

{Qq'u-Cp,v)ho = 0. (7.86) 
Let us show that in the set of solutions to problem (I7.84p . (17.851) there is only one, p(t), for which 

Qo^u -CpeV. (7.87) 
Indeed, condition f l7.87p means that for any \ < i < n — r the equalities 

j ipiit)C*JHo{Qo'u - Cp){t) dt = (7.88) 

J a 

hold. Since general solution p{t) to BVP (17.841) . (I7.85P has the form 

n—r 

pit) =pit) + Yaj^jit), 



where p{t) is a particular solution to this problem and aj G C (j = l,n — r) are arbitrary numbers, we 
conclude that in line with (17.88^ . function p(t) satisfies condition (17. 87^ if (ai, . . . , a„_r)^ is a solution 
to the uniquely solvable linear algebraic equation system 

n—r 

^ ai{C(pi, C(pj)Ho = (Qo^u - Cp, C(pj)Ho, j = 1, n - r, 

i=l 

where matrix [{C(pi,C(pj)Ho]^jZi has a non-zero determinant bacause it is the Gram matrix of the 
system of linearly independent elements dpi, . . . , Cyj^-r- It is easy to see that the unique solvability of 
this system yields the existence of the unique function p(t) that satisfies condition ( 17.871) and equations 
( 17:8411 and (TM . 



"Relationship (|7.54p coincides with the solvability condition for this problem by virtue of (|7.10p . 



Setting in f l7.86p v = Qq^u — Cp we have Qq — Cp = 0, so that u = QoCp. Substituting the latter 
into Jl^{lo{t) — C* JHoU{t))ipQ{t)dt = and denoting z{t;u) =: z{t), we see that z{t) and p{t) satisfy 
system (17.52p -( !7.57p : the unique solvability of this system follows from the uniqueness of element u. 

Prove now that (j{(p) < a{u, c) = l{pY/'^ . Substituting u = QoCp into I{u) and taking into account 
the designation z{t) = z{t] u), we obtain 



/(u) = r Q-h{t)z{t) dt + {Q^'S+{z), S+(z))c" 

J a 

+iCp,QoCp)Ho= [ Lp{t)7it)dt 

J a 



+ J](Qr'S+(z)),(5+(z)) + iCp,QoCp)Ho 

b m 



Lp{t)z{t) dt + J2 BAp)S+iz) + (Cp, QoCp)ho 

/(, 2n—m 
p{tjL^dt+ S,{p)Bl{z) + {Cp,QoCp)H,. (7.89) 
i=i 



For the first term in ( 17.890 we have 

pb pb nb 

/ p{t)L+z{t) dt = / p{t)W)dt- / p{t){C*JH,QoCp){t))dt 

J a J a J a 

= / p{t)lo{t) dt- < Cp, JhoQoCp >HqxH'^ ■ 

J a 

The later equality together with (17.89P yield I{u) = l{p). The theorem is proved. □ 
Theorem 7.2. The minimax estimate of l{ip) has the form 

l{ip) = 

where function is determined from the solution to the problem 

L-^p{t)=C*JHMy~C0){t) on {a,b), (7.90) 



B+{p) = 0, J = 1, 2n - m, (7.91) 

/ Q-'p{t)W)dt + iQ^'S+ip),S+iiJi))cr^ = 0, 1 = 1, m-r, (7.92) 

J a 

L^{t) = Q-'pit) + f^''\t) on (a, 6), (7.93) 



i?,(^)=g^'S+(p),+a}'^ J = l,m, (7.94) 
/ C*JHoQo{y-C0){t)lMt)dt = O, z = M:^. (7.95) 

J a 

Problem ( I7.90p -f l7.95p is uniquely solvable. 



Proof. Consider the problem of optimal control of the equation system 

L+p{t;u) = -{C*JHoU){t) + {C*JHoQoy){t) on (a,6), (7.96) 

Blip{-,u)) = (j = l,...,m), (7.97) 

[ Q-'p{t;u)iJ^dt+{Q^'S+{p{--u)),S+{iJij)c^ = 0, z = l,m-r, (7.98) 

J a 



with the cost function 



I{n)= I Q-\p{t-u)+Qf^'\t)mt-u) + Qfi^{t))dt 

+ (Qr'(S+(p(-; u)) + gia(°)), S+(p(-; u)) + Qia(°))c". + (Qo w)/^o ^ inf , (7.99) 



where tj = {u & Hq : J^{C*JHoQoy)it) — C*JHoU{t))ipo(t)dt = 0} for arbitrary solutions foit) of 
homogeneous BVP ((O), (Q. 

The form of functional I{u) and the reasoning contained in the proof of Theorem 2.1 suggest the 
existence of the unique element wet/ such that 



I{u) = inf I{u). 



Next, finding ip{t) as the unique solution to the BVP 

L^{t) = Q-'p{t;u) + f '\t) on (a, 6), 



C*JhoQo {y - C(p) {t)ipiit) dt = 0, t = l,n-r, 

and denoting p{t) = p(t;u), we conclude, repeating virtually the proof of Theorem 2.1, that problem 
(E90D-(E95|) is uniquely solvable. 

Now let us prove the representation l{{p) = Substituting expression (17.511) for u and c into 

(I7.50p and taking into consideration relationships (I7.90p - (l7.92p . we obtain 



Kv) = {y, u)ho + c= {y, QoCp)ho + c= {Cp, Qoy)Ho + c 



= < Cp, JHoQoy >HoxH[^ = (P, C*JHoQoy)L^a,b) + C 

= I p{t)C*JHoQoyit) dt + c= I p{t)i^mdt+ I 4t)f'\t)dt 

J a J a J a 

+ ^5'+(z)«f + / p{t)C*JHoQoCmdt. (7.100) 
i=i '^'^ 

Transform the sum of the first three terms on the right-hand side of this equality using Green's formula 
(ESD and equalities ( 17:5211 -f iTlBTll and (TM - (17:951 ). We have 



l>0 I'D "■■ 

f p{t)L+p{t) dt + / ^/(°)(t)rft + ^5 

a J a A— I 



(0) 



Lp{t)p{t)dt + Y,BMSj{p{t)) 



/b "I 
zit)f^'\t)dt + J2St{z)a 
j=i 



(0) 

j 



j=i 
i=i 



(0) 

_ j 



Q-'z{t)p{t) dt + (Qr'S+(z), S+{p)\ 

fb ™ 



W}f^'\t)dt+Y,s 

i=l 



(0) 



z)a) 

j 



z{t)Q-^p{t) dt + (S+(z), Qr'S+(p))c" 



.7 = 1 



(0) 



b_ 

z 



{t)Q-'p{t) dt + Y. Sl{z){Qi'S+{p)), 



m 



+ / W)f^'\t)dt + Y.Sl{z)af 
■J<^ i=i 



6 

Z 



{t)Q~'p{t)dt + J2st{^){Ql's+{P))j 



"T (0) 

z)a) 



= / L^{t)z{t)dt + YBj{^)S+{z) = I ip{t)L+z{t)dt 

- I ^{t)C*JH,QoCp{t)dt = < JhoQoCp >HoxHl, 

J a 



m - (c^, q,cp)h, = m - {QoC0, cp)h, = m - {cp, QoC^) 



Ho 



l{(p) - < Cp, JhoQoC0 >HoxH'o = - {P,C*JHoQoC0)L2{a 



= l{ip) - / p{t)C*JHoQoCmdt. 

J a 

The latter equality together with f l7.100p prove the sought-for representation. □ 

Corollary 7.1. Function 0{t) can be taken as an estimate of solution (p{t) to BVP (17.11) . (17. 2p which 
is observed. 



Proposition 7.1. Statements similar to Theorems \7.1\ and \7.2\ can be obtained in the case when errors 
rj in observations (17.131) are deterministic elements with values in space Hq. 

As an example, consider the case Hq = {L'^{a,b))^ and the operator C : L'^{a,b) Hq in observa- 
tions ()7.13p is defined by the equahty 

where kernels Kj G L'^{a,b) x L'^{a,b) of the integral operators 

CMt) ■■= f K^{t,i)^{^) dc, J = MV, 

J a 

are assumed to be such that the vector-functions 

C^,it)=(^j\^it,Ov,iOd^,---j'Kr,it,0^,{Od^^ E {L\a,b)f, 
i = l,n — r, are linearly independent. Observations (|7.13l) take the form 

yiit)= [ Kiit,0^{Od^ + r]iit), 2 = MV, 

where rjit) := (rjiit), . . . ,riN(t)) G Gi is a random vector process with components rjjit) which are 
random processes with zero expectations and finite second moments and operator Qo in condition (17.171) 
that specifies set Gi is identified with an x matrix that has elements q^j^ G C[a, b]. Consequently, 
this condition takes the form jj^ Sp{Qo{t)R{t,t)) dt < 1, in which R{t,s) = ■s)]^-^^ denotes the 

unknown correlation matrix of the vector process fj = . . . , r/7v(^)) with the elements bi j{t, s) = 

Nlfji{t)fij{s) and Sp{Qo(t)R{t,t)) denotes the trace of matrix QQ(t)R{t,t). 

It is easy to see now that the operator C* : {L'^{a,b))'^ — > L'^{a,b) adjoint to C is given by the 
formula 

i=i 

and minimax estimate l{ip) has the form 



Kf) = ^ yi{t)ui{t) dt + c, 
i=l 



where 

N 



j=i •J'^ 
Equalities ( I7.52p and (17.57p become 



and 



L+z{t)=k{t)- I Kit,0p{0d^ on (a, 6), (2.35') 

J a 

^ (/o(t) - Kit, Op(0 c^e) Mt)dt = 0, t'= T;^^, (2.40') 



where 

N N 



^(t,0 = Y.Yl I m',t)qf^{t')K,{t\Odt'. 

i=l 7 = 1 •^'^ 



8 Minimax estimation of functionals from right-hand sides of 
equations that enter the problem statements. Representations 
for minimax estimates and estimation errors 

An estimation problem in question can be formulated as follows: to find the optimal (in a certain sense) 
estimate of the value of the functional 



1{F) = / k{t)f{t)dt + Y,ha,, (8.1) 



from observations of the form 

y = Cif + r^ (8.2) 

in the class of estimates 

lXF) = {y,u)H, + c, (8.3) 

linear with respect to observations; here u belongs to Hilbert space Hq, c E C, Iq E L'^{a,b) is a 
given function, and G C, j = l,m are given numbers; the assumption is that F := (/(■),«) = 
(/(■), (ai, . . . , an)) € Go and the errors r] = rj{uj) in observations (18. 2p belong to Gi, where sets Gq and 
Gi are specified, respectively, by (IT.lSp . (17.161) . and (17.171) . 

Proposition 8.1. An estimate 1{F) = {y,u)Ho + c for which an element u and a constant c are 
determined from the condition 



sup M|/(F)-/(F)p^ inf 

where 1{F) = {y,u)Ho + c, y = C(p + fj, and (p is any solution to BVP (17.11) . (17. 2p at f(t) = f(t) and 
Ui = ai,i = l,m, will be called a minimax estimate ofl{F). 

The quantity a := sup^g^^^ j^gg^{M|/(F) — /(F)^}^/^ will be called the minimax estimation error of 
1{F). 

Using the above results and definitions, formulate and prove the following statements. 

Lemma 8.1. Determination of the minimax estimate of 1{F) is equivalent to the problem of optimal 
control of the operator equation system 

L^z{t;u) = -C*JHoUit) on {a,b), (8.4) 



Bnz{-;u)) = j = l,2n-m, (8.5) 



^Q-\lo{t) + z{t- u))^i{t)dt + {Q^\\ + S+{z{-, u))), S+{^i))c^= 0, i = 1, m - r, (8.6) 

a 

with the cost function 



b 



I{u)= / Q-\lo{t) + z{t;u)){lo{t) + z{t;u))dt 



+ {Q^\\ + S+(z(-; u))), 1 + S+(^(-; m)))c™ + {Qo\ u)ho ^ inf , (8.7) 



where 



V = {ueHo: I C*JHoU{t)^o{t)dt = V^oeiV(AB)}. 

J a 



Proof. Note first that set V is is nonempty because any element u E Hq orthogonal to the subspace 
spanned over vectors {dpi, . . . , dpn-r} belongs to V and at any fixed u e \^function z{t] u) is uniquely 
determined from equations (I8.4p - (I8.6I) . Indeed, condition u E V coincides, by virtue of (17.111) . with the 
solvability condition of problem (18. 4^ - 118. 5^ : let Zo{t;u) G W2{a,b) be a solution to this problem. Then 
the function 



u) := Zo{t; u) + ^ Ciipi{t), 



(8.8) 



1=1 



also satisfies (I8.4I) - (I8.5I) for any q, G C^, i = l,m — r). Let us prove that coefficients q, z = l,m — r, 
can be chosen so that this function would also satisfy condition (|8.6I) . Substituting expression (|8.8I) 
for z{t;u) into ( 18.60 . we obtain a linear algebraic system of m — r equations with m — r unknowns 

Cl, . . . , Cra—r • 



^ QijCi = bj{u), j = l,...,m-r; 



1.9) 



its matrix whose elements are determined according to ( 17.271) is positive definite, thus 

det[aij] 7^ (see p. [47|) and elements bj{u) are determined from 



b,{u) = - / Q-\lo{t) + Zo{t;u))^j{t)dt 



-(Qr (1 + S+(;2o(-;m))),S+(^,))c™, j = l,...,m-r. (8.10) 

Therefore this system has unique solution Ci, . . . , Cm-r and problem (18.4l) - (l8.6p is uniquely solvable. 

Next, writing a solution tp to problem ( 17. ip , (17. 2p in the form = (p± + (po, where (fo and (p± are 
introduced on p. [48l and using the formula 



Ho 



--<C{(p_i + (po),JHoU>HoxH;^+iV,u)Ho= / i(p±it) + (poit))C*JHoUit)dt+ {r],u) 



I Ho 



^±{t)C*JHoUit)dt+ / ^o{t)C*JHoU{t)dt+{fl,u)Ho, 
J a 

for arbitrary u E Hq, we have 



1{F) - 1{F) 



kit) fit) rft + IjOj - iy, u)ho - c 



W)fit)dt+j2'h o^j - / V ^it)C* J HoUit) dt 

- I ipoit)C*JHoUit) dt - (r/, u)ho - c. 

J a 



The latter implies 



M 



liF) - liF) 



Ut)fit)dt + Y,l 



ip±it)it)C*JH„uit)dt - / ipoit)C*JHoUit)dt-c 



M\iv,u] 



Ho\ 



(8.11) 



Since function v^o(^) under the integral sign of the last term is an arbitrary element of space N{Ab), 
quantity M|/(F) — /(-F)P takes all values from —oo to +00. This quantity is finite if 

-b 

Mt)c*JHMt) dt = o, 

which is a necessary condition which holds if and only if m G K Assuming now that u & V and taking 
into account fl8.4p - (l8.6l) and (I7.5p . we obtain the following representation for the expression under the 
sign of absolute value in (IS.lip 

/ lo{t)f{t)dt + ^rjaj - (p^{t)C*JHoU{t)dt- c 

J a J a 

pb m ^ „6 

= / loit)f{t)dt + ^Tjaj+ / (p^{t)L+z{t]u)dt- c 

J a J a 

/b pb m 

lo{t)f{t)dt + ^Tjaj + / L^^{t)z{t;u) dt + J2Bj{^±)S, 



3 {z{-]u))-c 

W)fit) dt + Yjj(^3 + / u) dt + ^ a,S^{z{-] u)) - c 

7 = 1 7 = 1 



pb 

/ [l,[t) + z{t-u))~f{t)dt + Y,ih + S, 
J 1 ^—1 



i=i 

= (/, ^0 + u))L2{a,b) + («,! + S+(2;(-; u)))^" - c. 
The latter equality in combination with f IS.lip yields 

inf sup M|/(F) -/(F)l^ = 



inf sup 



(/,/o + 2;(-;«))L2(a,6) + (a,l + S+(2;(-;u)))c™-c + snp M\{fi,u)Ho\- (8-12) 

V&Gi 



2 

2 



To calculate the first term on the right-hand side of (18.120 use the generalized Cauchy-Bunyakovsky 
inequality ([10], p. 196) and (17.161) to obtain 



inf sup 



(/, /o + u))L2(a,b) + (a, 1 + S+(2;(-; m)))c- - c 



2 



inf sup 



(Zo + z{-, u),f- fo)LHa,b) + (1 + S+(^(-; u)),a- a(^))cm 

+ (/o, /o + z{-, u))L2^a,b) + («^°\ 1 + S+(z(-; m)))c". - c| 

< {(Q"^(^0 + ^(^ U)), k + Z{-; u))L2{a,b) 

+ iQi\^ + S+(^(-; u))), 1 + S+(^(-; u)))c^ } 
X {(Q(/ - /(°)), / - f^'^)LHa,b) + (Qi(a - «(°)), a - aW)c™} 

< {(Q"^(^o + z{-; u)), /o + z{-; u))L\a,b) 



+ (Qr'(l + S+(z(-; «))), 1 + S+(z(-; u)))c^} . (8.13) 

The direct substitution shows that inequality (18 .13^ turns to equality at F = (/(■), a) = F^'^^ : = 
(/(o)(.),a(o)) = f/(o)(.)^(5(o)^...^ 5(0))tA ^ ^2^^^^) ^ where 



«r := ^Qii^ + S+(z(-; n))), + ar, z = 1, m, 
t^ = f(Q"'(/o + u)), lo + zi-; ^/))L2(a,6) + (Qr'(l+S+(^(-; n))), l+S+(^(-; u)))cr^}/\ 



and Q^^(1 + S+(z(-;m)))j is the jth component of vector Q^\l + S+{z{-;u))) E C"". Element G Go 
because it obviously satisfies condition (|7.16l) and from the following chain of equalities 

m 
i=l 

f \-l/2 

^ g-i(/o + z{-- u)), lo + z{-, + {Q-\\ + S+{z{-, u))), 1 + S+(z(-; u)))c 

m 
i=l 

m 
i=l 

it follows that this element also satisfies, in line with (18.61) . condition (17.15^ . Therefore, 



inf sup 



(/, /o + z{-] u))L2{a,b) + (a, 1 + S+(z(-; u)))c- - c 



-1/ 



g-i(/o(t) + z{t; u)){lo{t) + z(t; M))rft 

+ (Qr'(l + S+(^(-; n))), (1 + S+(z(-; n))))^™ (8.14) 

at c = {lo{t) + z{t;u))f^^\t)dt + {a^^\\ + S^{z{-;u)))c'^. For the second term on the right-hand side 
of (18.121) . we have proved (see p. [50|) that 

sup M|(u, ?7)hoP = iQo^u,u)Ho- (8.15) 

The statement of Lemma O follows now from (I8T2D . (I8T4D . and (I8T5D . □ 
Theorem 8.1. T/je minimax estimate of 1{F) can be represented as 

lXF) = {y,u)H, + c, (8.16) 

n = Qo^^P, c= / (/o(t) + z(t))/(o)(t)dt + ^(/, + 5+(z))af , (8.17) 

i=i 

and functions p{t) and z(t) are determined from the operator equation system 

L+z{t) = -C*JHoQoCp{t) on (a, 6), (8.18) 



B+{z) = 0, j = l,2n-m, (8.19) 



Q-\lo{t) + z{t))iJi{t) dt + {Q^\\ + S+(z)), S+(^,))c™ =0, 2 = 1, m - r, (8.20) 

Lp{t) = Q-\lo{t) + z{t)) on {a,b), (8.21) 

5.(p) = Qr'(l + S+(^))„ J=T;^, (8.22) 

/" C*JHoQoCp{t)ipi{t)dt = 0, i = l,n-r, (8.23) 

^ a 

i(;/zereQ^^(l + S+(2))j denotes thej-a component of vector Q^^{\ + S^{z)) G C". Problem fl818ll - dOH 
is uniquely solvable. The estimation error 



a = l{PY'\ where P = {Q-\k + z),{Q^\\ + {z))^, . . . ,Q^\\ + {z)) 



mj I 



Proof. Show first that the solution to optimal control problem (18.4I) - (I8.7I) is reduce to the solution of 
system (I8.18p - (l8.23p . To this end, note that the form of functional (18. 7p and the fact that A'^+ is a 
Noether operator suggest that there is one and only one element m G at which the minumum of the 
functional is attained, I{u) = inf^gy J(m). Indeed, set m = m + f for an arbitrary u & V where m is a 
fixed element from V and v = u — u. Then solution z(t] u) to BVP f l8.4l) - (l8.6p can be represented as 

z{t]u) = z{t]u) + z{t]v), (8.24) 

where z{t] u) and z{t] v) are the unique solutions of this problem ai u = u and u = v, lo{x) = 0, and 
Ij = 0, j = l,m; in addition, if v is an arbitrary element of V, then u = u + v is also an arbitrary 
element of this space. 

Using expression (18.24p for z(t; u) write functional I{u) in the form 



I(u)= / Q-^{lo{t)+z{t]u)){k{t) + z{t-u))dt 



+(Qr'(l + S+(z(-; n))), 1 + S+(^(-; u)))c^ + {Q,\, u)h, 

fb 



Q-\lo{t) + z{t; u) + z{t; v)){lo{t) + z{t; u) + z{t; v))dt 
+ {Qi\^ + S+(^(-; u) + z{-- v))), 1 + S+(2;(-; u) + z{-- t;)))c- + {Qq\u + v), u + ^7)^0 



= I{u) + / Q-^~z{t- v)z{t; v)dt + {Q^'S+iz{-, v)), S+(i(-; v)))c^. + {Q^'v, v)ho 

J a 

+2Re f Q-^~z{t- v){lo{t) + z{t- u))dt + 2Re(Qr'S+(z(-; v)), S+(/o(-) + z{-- m))c- 

J a 

+ 2Re{Q^^v,u)H, = Iiu)+i{v)+2ReL{v), (8.25) 
where, due to the linearity and continuity of the mapping, 

V3v^ (z(-, v), (StCzi; v)),..., S^izi; v))f) G L^a, b) x C", 

b 



I{v)= / Q-'z{t;v)z{t;v)dt + {Q^'S+i2{-,v)),S+i2{-,v)))c^ + iQ^'v,v)H, (8.26) 



is a linear quadratic functional in V associated with the continuous semi-bilinear form 

7i{v,w)= [ Q-^~z{t- vyz{t- w)dt + (Qr^S+(z(-; v)), S+(5(-; w)))c^ + [Q^^v, w)h, (8.27) 



on V X V,] this functional satisfies 

h^) > 4v\\ho G c = const, (8.28) 

and 

b 



L{v)= / Q-'z{t;v){lo{t) +z{t;u))dt 

J a 

+ (gr^S+(z(-; v)), S+(/o(-) + z{-, u))cr^ + {Q,h, u)ho (8.29) 

is a linear continuous functionallll in V. 

Consequently (see Remark 1.1 to Theorem 1.1 in [3j), there exists the unique element v E V 
(depending on u) such that 

Iv{v) = inf Iv{v),= inf I{u + v) = inf I{u) = inf I{u) = inf I{u). 

vgv vev u-u&v uGu+v uev 

Setting u = u + V and taking into account that 

Iviv) = I{u + v) = I{u), 

we conclude that there is one and only one element u E V admitting the representation u = u + v at 
which the minimum of functional I{u) is attained for u E V. 
Therefore, for any r E R and v E V, 



d 



I{u + Tv) = and -rH^ + 
T=o dt 



= 0, (8.30) 

r=0 



where i = Since z{t;u + tv) = z{t;u) + Tz{t;v), where z{t;v) is the unique solution to BVP 

(I8.4p - (I8.6I) at u = V, Iq = 0, and Ij = 0, j = l,m, we can use the first relationship in (18.301) to obtain 

0= 2^^(^ + ™)l-o 



lim — 

r^o 2r 



(Q ik + z{-;u + tv)), lo + z{-;u + Tv))L2(a,b)-{Q ik + z{-; u)), k + z{-; u))L'Ha,t 
(gr'a + S+(^(-; u + TV))), I + S+(^(-; u + Tv)))c^-iQ^\l + S+(^(-; u))), 1 + S+(z(-; u)))c 

+ [Qo\u + tv),u + tv)ho - {Qo^u,u)ho]} 

= Re{((5"^(/o + z{-;u)),z{-;v))L'2(a,b) 
+ (Qr'(l + S+(^(-; n))), S+(5(-; v)))c^ + iQ^'u, v)h,}. 
Next, since z(t; it + iTv) = z{t; u) + iTz{t; v), we have 

1 d 

= -—I{u + iTv)\r=o 

2 dT 

= Im{((5"^(/o + z{-; u)), z{-; v))L2(^a,b) 
+(Qr'(l + S+(^(-; u))), S+(5(-; v)))c^ + {Q,\ v)h,}, 

which yields 

{Q'^{lo + z{-;u)),z{-;v))L2(^^^h) 



^^The continuity of form (|8.27p is proved on p. HH and the continuity of linear functional (|8.29p can be proved similarly 
to the case of functional (|7.80p . 



+ J2 Qi\^ + ^))),S+(z(-; v)) + iQ,% v)h, = 0. (8.31) 

Let p{t) be a solutior@ to the BVP 

Lp{t) =Q-\loit) + z{t;u)) on {a,b), (8.32) 

Bj{p) = QY\\ + S+{z{-,u)))^, 3 = 1;^. (8.33) 

Then, taking into consideration Green's formula ( 17. Sp . we can transform the sum of the first two terms 
on the left-hand side of (18.311) as follows: 



{Q-\lo + z{-, u)), ~z{-, v))LHa,t) + Yl Qi'i^ + ^))).S;(5(-; v)) 

= / Lp{t)z{t;v)dt + J2B3{p)Sj{z{-,v))= / p{t)L+z{t;v) dt 
= - / p{t)C*JHov{t) dt = - < Cp, JhqV >Hoxh'o= -{Cp,v)ho- 

J a 

From the latter equality and relationship (I8.3ip . it follows that 

{Qo'u-Cp,v)ho = (8.34) 

for any v ^ V. Next, repeating the reasoning contained in the proof of Theorem 2.1 on p. [57l we see 
that among all solutions to problem (18.321) . ( I8.33p . there is one and only one solution p{t) for which 

Qo^u -CpeV. (8.35) 

Setting in (18. 34^ v = Qq^u — Cp we obtain Qq^u — Cp = 0, so that u = QoCp. Substituting this 
into the equality J^^ C* JHoU{t)^o{t)dt = and denoting z{t;u) =: z{t), we see that z{t) and p{t) satisfy 
system (I8.18p - (l8.23p : the unique solvability of this system follows from the uniqueness of element it. 

Show now that a{u,c) = /(P)^/^; then the estimate o"(F) < l^Py^"^ will be proved. Substituting 
u = QoCp into the expression for I{u) and taking into account that z(t) = z{t; u), we have 



I(u)= I Q-\l,{t) + z{t)){k{t)+z{t))dt + {Q^\\ + S-^{z)),\ + S+{z)) 

J a 

/•b fb 

+ {Cp,QoCp)ho= / Lp{t)J{F}dt+ / i;;{FjQ-\lo{t) + z{t))dt 

J a J a 



m 



J2 Qr'(i + s+(^)),(/, + s+{z)) + {Cp, QoCp)h, 



a 



Lp{t)z{t)dt+ / lo{t)Q~\lo{t) + z{t)) dt 



m 



+ Bj{p)Sl{z) + Y l,Qi\^ + S+(^)), + {Cp, QoCp)ho 

pb 2n-m „f, 

I p{t)L+{t)dt+ Y Sj{p)B+{z)+ / lo{t)Q~\lo{t) + z{t)) dt 

a J a 



^^Formula (|8.20p coincides with the solvability condition for this problem by virtue of l|7.10p . 



+ J]/,Qr'(l + S+(z)), + iCp,QoCp)Ho. (8.36) 
i=i 

For the first term in (18.361) we have 

/ p{t)L+{t) dt=- p{t){C*lHoQoCp){t)) dt=-< Cp, IhoQoCp >HoxH', . 
J a J a 

From the latter equality and ( 18.361) . it follows that I{u) = 1{P), where 

P = (g-i(/o + z), (gr'(i + s+(^))i, . . . , gr'(i + s+(^)).„)^). 

The proof of the theorem is completed. □ 

Another representation for the minimax estimate is given by the following theorem. 
Theorem 8.2. The minimax estimate of 1{F) has the form 

liF) = /(F), (8.37) 

where 

F = (/(■), (di, . . . , amf), fit) = Q-'Pit) + /W(t), 
aj = Q^'^S^{p)j + af\ j = l,m, 
and function p is determined from the solution to the problem 

L+p{t)=C*JHMy-Cm) on {a,b), (8.38) 
Bf{p) = 0, j = l,2n-m, (8.39) 

/ Q-'p{t)W)dt + iQ^'S+ip),S+iiJi))cr^ = 0, z = l,m-r, (8.40) 
L0{t) = Q-^p{t) + f^'^\t) on {a,b), (8.41) 



Bji^)=Q-'S^ip)^+af\ j = l,m, (8.42) 



C*JH,Qoiy-Cif)it)ipi{t)dt = 0, t = l,n-r, (8.43) 

where S~^{p) := {S^{p), . . . , S^{p))'^ G C" is the vector with components Sj'^p), j = l,m. Problem 
( I8.38p - (l8.43p is uniquely solvable. 

Proof. Introduce the problem of optimal control of the equation system 

L+p{t;u) = -{C*JHoUm + {C*JHMym on (a,6), (8.44) 

B+{p{-,u)) = (j = l,...,m), (8.45) 



g-ip(t;M)V^,(t)c/t+(gr'S+(p(-;M)),S+(z^i))c™ = 0, i = l,m-r, (8.46) 
with the cost function 

rb 



I(u)= I Q-\p{t-u)+Qf^'\t)){p{t-u) + Qf(^){t))dt 

+ (gri(S+(p(-; u)) + gia(°)), S+(p(-; u)) + gia(°))c". + (go ^M, u)h, ^ inf , (8.47) 



where 



U = {ueHo: I iC*JHoQo{y{t)-C*JHouit))vo{t)dt = 0} 

J a 



for any solutions v^o(''^) of homogeneous problem (17. ip . (17. 2p . 

The form of functional I{u) and reasoning contained in the proof of Theorem [H]T] suggest the existence 
of unique element u eU such that 



/(n) = inf /(n). 

Mgf7 

Next, funding ip(t) as the unique solution to the problem 

Lifit) = Q~'p{t-u) + f^'^Xt) on (a, 6), 
B^{^) = Qr'S+(p(-; u), + af\ j = J-f^, 

b 



C*JhoQo (y - Cip) {t)if,{t) dt = 0, t = l,n-r, 



and repeating the proof of Theorem 18.11 we conclude, taking into consideration the notation p{t) = 
p{t]u), that problem (I8.38p - (l8.43p is uniquely solvable. 

Let us prove the validity of the representation /(F) = 1{F). Substituting expressions (I8.17p for u 
and c into (18.16P and using (I8.38I) - (I8.40I) . we obtain 



K^) = (y^ u)ho + c={y, QoCp)ho + c= {Cp, Qoy)Ho + c 



< Cp, JhoQoV >HoxH[, = (P, C*JHoQoy)L^a,b) + C 

f6 



f p{t)C*JHoQoy{t)dt + c= I p{t)L+p{t)dt+ I Mt) + z{t))f^'\t)dt 

a J a J a 

+ + + / Pit)C*JHoQoC0{t)dt. (8.48) 

Transform the sum of the first three terms on the right-hand side of this equality using Green's formula 
(17. 5p and taking into account equalities (I8.18p - (18.23p and ( 18.4ip -( l8.43p . As a result, we obtain 



p{t)L+p{t)dt+ I {l,{t) + z{t))f'\t)dt + J2ih + S+{z))a^; 



(0) 



Lp{t)p{t)dt + J2Bj{p)S+{p{t)) 
mt) + z{t))f'~'\t)dt + J2ilj + St{z)) 

7 = 1 



m 



g-i(/o(t) + z{t))p{t) dt + Y. ^r'(i + s+(^)),5+(p) 

-b ™ 

Ut) + z{t))f'\t)dt + ^ (/, + S^{z))af 



Q~\h(t) + z{t))p{t) dt + (Qr'(l + S+(^), S+(p)) 



ut)+zit))f('\t)dt+j2iij+snz)) 



■ (0) 

a ■ 

3 



Mt) + z{t))Q-^p{t) dt+{\ + S+(z), Qr'S+(p))j 

b rn 



Ut) + zit))f('\t)dt + J2i^j + Stiz)) 



■ (0) 

a- 



Ut) + z{t))Q-'p(t) dt+Y, ih + S^iz))iQ^'S+ip))j 

Ut) + z{t))f'\t)dt + ^ (/, + S^{z))af 

i=i 

/b m 
z{t)Q-'p{t)dt + Y,St{z){Q-,^S^{P)), 

/b ™ 
z{t)f^'\t)dt + Y,St 



/(F) + / ^(g-ip(t) + /W(t))rft + ^s7(^(gr's+(p)), + af) 

j-b "1 

1{F)+ L^{t)z{t)dt + YBj{^)Sj{z) =1{F)+ ip{t)L+z{t)dt 
= /(F) - I 0{t)C*JHoQoCpit)dt = /(F)- < C0, JhoQoCp >Hoxh', 

J a 



/(F) - iCip,QoCp)Ho = KF) - iQoCip,Cp)Ho = KF) - {Cp,QoC^)ho 



/(F) - < Cp, JhoQoC0 >HoxH', = 1{F) - {P,C*JHoQoC0)LHa, 



b) 



= /(F)- [ p{t)C*JHoQoCmdt. 

The resulting relationships together with equality (I8.48P yield the sought-for representation. □ 

Corollary 8.1. The function f = Q^^p + f^^^ and numbers aj = Qi^S^{p)j + af^ can be taken as 
estimates of the right-hand sides f and aj (j = l,m) of equalities (17.11) and i\7.2\} . respectively. 
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